
CSC 2515: Introduction to Machine Learning
Lecture 5: SVM, Kernel, and Boosting

Amir-massoud Farahmand1

University of Toronto and Vector Institute

1
Credit for slides goes to many members of the ML Group at the U of T, and beyond, including
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Today

We have seen cross-entropy loss for classification. Any other
choices?

We introduce two new loss functions for classification
I One of them is derived based on a geometric approach

Kernel methods: A new way to feature expansion without
explicitly doing so

We become familiar with the concept of weak learners, additive
models, and boosting

Skills to Learn
I Support Vector Machine
I Boosting
I Kernel Method
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Binary Classification with a Linear Model

Classification: Predict a discrete-valued target

Binary classification: Targets t ∈ {−1,+1} (This is different from the
previous lectures where we had t ∈ {0,+1}.)
Linear model:

z = w>x + b

y = sign(z)

Question: How should we choose w and b?
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Zero-One Loss

We can use the 0− 1 loss function, and find the weights that minimize
the sum of loss functions over training data points.

L0−1(y, t) =

{
0 if y = t
1 if y 6= t

= I{y 6= t}.

But minimizing this loss is computationally difficult.

The 0− 1 loss cannot distinguish different hypotheses that achieve the
same accuracy on the training set.

We investigated some other loss functions that are easier to minimize,
e.g., logistic regression with the cross-entropy loss LCE.

Let’s consider a different approach, starting from the geometry of binary
classifiers.
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Separating Hyperplanes

Suppose that we are given these data points from two different classes and
want to find a linear classifier that separates them.
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Separating Hyperplanes

<latexit sha1_base64="CenO+DINbFRCOV26HhAJh/UjCUs=">AAACTnicdVBLS0JBGJ1rL7OX1rLNkBRBIPdGUJtActPSIB+gJnPHUYfmcZn5riUX/0nb+j1t+yPtosbHIhUPfHA45ztwOGEkuAXf//JSa+sbm1vp7czO7t7+QTZ3WLU6NpRVqBba1ENimeCKVYCDYPXIMCJDwWrhc2ns1wbMWK7VIwwj1pKkp3iXUwJOamezIb7AL09N0BF+xbfYb2fzfsGfAC+TYEbyaIZyO+edNTuaxpIpoIJY2wj8CFoJMcCpYKNMM7YsIvSZ9FjDUUUks61kUn2ET53SwV1t3CnAE/V/IiHS2qEM3ack0LeL3lhc5UFfjuY10dOGO5nTFcZCW+jetBKuohiYotOy3Vhg0Hi8Je5wwyiIoSOEujynmPaJIRTc4pnmJJiUtJREdezILRss7rhMqpeFwC8ED1f54t1s4zQ6RifoHAXoGhXRPSqjCqJogN7QO/rwPr1v78f7nb6mvFnmCM0hlf4DBUSz4A==</latexit>

The decision boundary looks like a line because x ∈ R2, but think of it as
a D − 1 dimensional hyperplane when x ∈ RD.

Recall that a hyperplane is described by points x ∈ RD such that
f(x) = w>x+ b = 0.
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Separating Hyperplanes

<latexit sha1_base64="CenO+DINbFRCOV26HhAJh/UjCUs=">AAACTnicdVBLS0JBGJ1rL7OX1rLNkBRBIPdGUJtActPSIB+gJnPHUYfmcZn5riUX/0nb+j1t+yPtosbHIhUPfHA45ztwOGEkuAXf//JSa+sbm1vp7czO7t7+QTZ3WLU6NpRVqBba1ENimeCKVYCDYPXIMCJDwWrhc2ns1wbMWK7VIwwj1pKkp3iXUwJOamezIb7AL09N0BF+xbfYb2fzfsGfAC+TYEbyaIZyO+edNTuaxpIpoIJY2wj8CFoJMcCpYKNMM7YsIvSZ9FjDUUUks61kUn2ET53SwV1t3CnAE/V/IiHS2qEM3ack0LeL3lhc5UFfjuY10dOGO5nTFcZCW+jetBKuohiYotOy3Vhg0Hi8Je5wwyiIoSOEujynmPaJIRTc4pnmJJiUtJREdezILRss7rhMqpeFwC8ED1f54t1s4zQ6RifoHAXoGhXRPSqjCqJogN7QO/rwPr1v78f7nb6mvFnmCM0hlf4DBUSz4A==</latexit>

How can we find a separating hyperplane?

Data points with positive label should satisfy f(x) = w>x+ b > 0.

Data points with negative label should satisfy f(x) = w>x+ b < 0.

We can formulate it as a Linear Program:

min
w,b

1

s.t. (w>x(i) + b) ≥ +1 ∀i with t(i) = +1

(w>x(i) + b) ≤ −1 ∀i with t(i) = −1
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Separating Hyperplanes

There are more than one separating hyperplane. They are described by
different ws.

Which one should we choose?
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Optimal Separating Hyperplane

Optimal Separating Hyperplane: A hyperplane that separates two classes and
maximizes the distance to the closest point from either class, i.e., maximize
the margin of the classifier.

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

Intuitively, ensuring that a classifier is not too close to any data points leads
to better generalization on the test data.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

Recall that the decision hyperplane is orthogonal (perpendicular) to w.

The vector w∗ = w
‖w‖2

is a unit vector pointing in the same direction as
w.

The same hyperplane could equivalently be defined in terms of w∗.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

The (signed) distance of a point x′ to the hyperplane is

w>x′ + b

‖w‖2
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Maximizing Margin as an Optimization Problem

Recall: the classification for the i-th data point is correct when

sign(w>x(i) + b) = t(i)

This can be rewritten as

t(i)(w>x(i) + b) > 0

Enforcing a margin of C:

t(i) · (w>x(i) + b)

‖w‖2︸ ︷︷ ︸
signed distance

≥ C
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Maximizing Margin as an Optimization Problem

The distance of the i-th point to the hyperplane described by w and b:

di =
t(i)(w>x(i) + b)

‖w‖2
Maximizing Margin: Maximize the minimum distance of points to the
hyperplane (by optimizing w.r.t. w and b):

max
w,b

min
i=1,...,N

di

Or equivalently,

max
w,b

C

s.t. di ≥ C i = 1, . . . , N

Or

max
w,b

C

s.t.
t(i)(w>x(i) + b)

‖w‖2
≥ C i = 1, . . . , N
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Maximizing Margin as an Optimization Problem

Max-margin objective:

max
w,b

C

s.t.
t(i)(w>x(i) + b)

‖w‖2
≥ C i = 1, . . . , N

We have

t(i)(w>x(i) + b)

‖w‖2
≥ C ⇐⇒ t(i)(w>x(i) + b) ≥ C ‖w‖2 .

If we multiply w and b by any positive constant, the inequality is still
satisfied. So, the norm of w does not matter. We can choose it however we
want. We set it equal to ‖w‖2 = 1

C . So, C = 1/ ‖w‖2.
Plug in C = 1/ ‖w‖2 in the constraint and simplify:

t(i)(w>x(i) + b)

‖w‖2
≥ 1

‖w‖2︸ ︷︷ ︸
geometric margin constraint

⇐⇒ t(i)(w>x(i) + b) ≥ 1︸ ︷︷ ︸
algebraic margin constraint
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Maximizing Margin as an Optimization Problem

Max-margin objective:

max
w,b

C

s.t.
t(i)(w>x(i) + b)

‖w‖2
≥ C i = 1, . . . , N

As maximizing C = 1/ ‖w‖2 is equivalent to minimizing ‖w‖2 (or ‖w‖22), the
optimization is equivalent to

min
w,b
‖w‖22

s.t. t(i)(w>x(i) + b) ≥ 1 i = 1, . . . , N
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Maximizing Margin as an Optimization Problem

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>
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Maximizing Margin as an Optimization Problem

Algebraic max-margin objective:

min
w,b
‖w‖22

s.t. t(i)(w>x(i) + b) ≥ 1 i = 1, . . . , N <latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

This is a Quadratic Program: Quadratic objective + Linear inequality
constraints.

The important training examples are the ones with algebraic margin 1,
and are called support vectors.

Hence, this algorithm is called the (hard) Support Vector Machine
(SVM) (or Support Vector Classifier (SVC) – SV “Machine” refers to
when we kernelize SV Classifer).

SVM-like algorithms are often called max-margin or large-margin.
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Non-Separable Data Points

How can we apply the max-margin principle if the data are not linearly
separable?
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Maximizing Margin for Non-Separable Data Points

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="v8Ry+B9UWZbY2oQR8qE+CAUB9zU=">AAACQXicdVDNSsNAGNz4W+tfq0cvwaJ4KokIeiz24rGCaQtNKJvNpl26P2F3I5aQZ/Cqz+NT+AjexKsXt2kOtqUDHwwz38AwYUKJ0o7zaW1sbm3v7Fb2qvsHh0fHtfpJV4lUIuwhQYXsh1BhSjj2NNEU9xOJIQsp7oWT9szvPWOpiOBPeprggMERJzFBUBvJ81/I0B3WGk7TKWCvErckDVCiM6xbl34kUMow14hCpQauk+ggg1ITRHFe9VOFE4gmcIQHhnLIsAqyom1uXxglsmMhzXFtF+r/RAaZUlMWmk8G9VgtezNxnafHLF/U6EhIYmSC1hhLbXV8F2SEJ6nGHM3Lxim1tbBn89kRkRhpOjUEIpMnyEZjKCHSZuSqXwSztmAM8kjlZll3ecdV0r1uuk7TfbxptO7LjSvgDJyDK+CCW9ACD6ADPIAAAa/gDbxbH9aX9W39zF83rDJzChZg/f4BpCWxdw==</latexit> <latexit sha1_base64="LeZmm3xJsfTdes5W71yrJjO4Q6Q=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mKoMdiLx4rmLbQhLLZbNql+xN2N2IJeQav+jw+hY/gTbx6cdvmYFs68MEw8w0MEyaUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0qkEmEPCSpkP4QKU8Kxp4mmuJ9IDFlIcS+ctGd+7xlLRQR/0tMEBwyOOIkJgtpInv9Chs1hte40nDnsdeIWpA4KdIY168qPBEoZ5hpRqNTAdRIdZFBqgijOK36qcALRBI7wwFAOGVZBNm+b25dGiexYSHNc23P1fyKDTKkpC80ng3qsVr2ZuMnTY5Yva3QkJDEyQRuMlbY6vgsywpNUY44WZeOU2lrYs/nsiEiMNJ0aApHJE2SjMZQQaTNyxZ8Hs7ZgDPJI5WZZd3XHddJtNlyn4T7e1Fv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/pf6xeA==</latexit>

<latexit sha1_base64="FcLicTG2Qokn8gLMrVzYhNbQfR4=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0lU0GOxF48VTFtoQtlstu3S/Qm7G7GEPINXfR6fwkfwJl69uE1zsC0d+GCY+QaGCWNKlHacT6u0sbm1vVPereztHxweVWvHHSUSibCHBBWyF0KFKeHY00RT3IslhiykuBtOWjO/+4ylIoI/6WmMAwZHnAwJgtpInv9CBteDat1pODnsVeIWpA4KtAc168KPBEoY5hpRqFTfdWIdpFBqgijOKn6icAzRBI5w31AOGVZBmrfN7HOjRPZQSHNc27n6P5FCptSUheaTQT1Wy95MXOfpMcsWNToSkhiZoDXGUls9vAtSwuNEY47mZYcJtbWwZ/PZEZEYaTo1BCKTJ8hGYygh0mbkip8H05ZgDPJIZWZZd3nHVdK5arhOw328qTfvi43L4BScgUvgglvQBA+gDTyAAAGv4A28Wx/Wl/Vt/cxfS1aROQELsH7/AKfXsXk=</latexit>

<latexit sha1_base64="sHovSF/sqvWoNNa6CC158gySo1A=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mkoMdiLx4rmLbQhLLZbNul+xN2N2IJeQav+jw+hY/gTbx6cZvmYFs68MEw8w0ME8aUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0okEmEPCSpkP4QKU8Kxp4mmuB9LDFlIcS+ctud+7xlLRQR/0rMYBwyOORkRBLWRPP+FDJvDat1pODnsdeIWpA4KdIY168qPBEoY5hpRqNTAdWIdpFBqgijOKn6icAzRFI7xwFAOGVZBmrfN7EujRPZISHNc27n6P5FCptSMheaTQT1Rq95c3OTpCcuWNToWkhiZoA3GSls9ugtSwuNEY44WZUcJtbWw5/PZEZEYaTozBCKTJ8hGEygh0mbkip8H07ZgDPJIZWZZd3XHddK9abhOw31s1lv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/qbCxeg==</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

Main Idea:

Allow some points to be within the margin or even be misclassified; we
represent this with slack variables ξi.

But constrain or penalize the total amount of slacks.
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Maximizing Margin for Non-Separable Data Points

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="v8Ry+B9UWZbY2oQR8qE+CAUB9zU=">AAACQXicdVDNSsNAGNz4W+tfq0cvwaJ4KokIeiz24rGCaQtNKJvNpl26P2F3I5aQZ/Cqz+NT+AjexKsXt2kOtqUDHwwz38AwYUKJ0o7zaW1sbm3v7Fb2qvsHh0fHtfpJV4lUIuwhQYXsh1BhSjj2NNEU9xOJIQsp7oWT9szvPWOpiOBPeprggMERJzFBUBvJ81/I0B3WGk7TKWCvErckDVCiM6xbl34kUMow14hCpQauk+ggg1ITRHFe9VOFE4gmcIQHhnLIsAqyom1uXxglsmMhzXFtF+r/RAaZUlMWmk8G9VgtezNxnafHLF/U6EhIYmSC1hhLbXV8F2SEJ6nGHM3Lxim1tbBn89kRkRhpOjUEIpMnyEZjKCHSZuSqXwSztmAM8kjlZll3ecdV0r1uuk7TfbxptO7LjSvgDJyDK+CCW9ACD6ADPIAAAa/gDbxbH9aX9W39zF83rDJzChZg/f4BpCWxdw==</latexit> <latexit sha1_base64="LeZmm3xJsfTdes5W71yrJjO4Q6Q=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mKoMdiLx4rmLbQhLLZbNql+xN2N2IJeQav+jw+hY/gTbx6cdvmYFs68MEw8w0MEyaUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0qkEmEPCSpkP4QKU8Kxp4mmuJ9IDFlIcS+ctGd+7xlLRQR/0tMEBwyOOIkJgtpInv9Chs1hte40nDnsdeIWpA4KdIY168qPBEoZ5hpRqNTAdRIdZFBqgijOK36qcALRBI7wwFAOGVZBNm+b25dGiexYSHNc23P1fyKDTKkpC80ng3qsVr2ZuMnTY5Yva3QkJDEyQRuMlbY6vgsywpNUY44WZeOU2lrYs/nsiEiMNJ0aApHJE2SjMZQQaTNyxZ8Hs7ZgDPJI5WZZd3XHddJtNlyn4T7e1Fv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/pf6xeA==</latexit>

<latexit sha1_base64="FcLicTG2Qokn8gLMrVzYhNbQfR4=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0lU0GOxF48VTFtoQtlstu3S/Qm7G7GEPINXfR6fwkfwJl69uE1zsC0d+GCY+QaGCWNKlHacT6u0sbm1vVPereztHxweVWvHHSUSibCHBBWyF0KFKeHY00RT3IslhiykuBtOWjO/+4ylIoI/6WmMAwZHnAwJgtpInv9CBteDat1pODnsVeIWpA4KtAc168KPBEoY5hpRqFTfdWIdpFBqgijOKn6icAzRBI5w31AOGVZBmrfN7HOjRPZQSHNc27n6P5FCptSUheaTQT1Wy95MXOfpMcsWNToSkhiZoDXGUls9vAtSwuNEY47mZYcJtbWwZ/PZEZEYaTo1BCKTJ8hGYygh0mbkip8H05ZgDPJIZWZZd3nHVdK5arhOw328qTfvi43L4BScgUvgglvQBA+gDTyAAAGv4A28Wx/Wl/Vt/cxfS1aROQELsH7/AKfXsXk=</latexit>

<latexit sha1_base64="sHovSF/sqvWoNNa6CC158gySo1A=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mkoMdiLx4rmLbQhLLZbNul+xN2N2IJeQav+jw+hY/gTbx6cZvmYFs68MEw8w0ME8aUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0okEmEPCSpkP4QKU8Kxp4mmuB9LDFlIcS+ctud+7xlLRQR/0rMYBwyOORkRBLWRPP+FDJvDat1pODnsdeIWpA4KdIY168qPBEoY5hpRqNTAdWIdpFBqgijOKn6icAzRFI7xwFAOGVZBmrfN7EujRPZISHNc27n6P5FCptSMheaTQT1Rq95c3OTpCcuWNToWkhiZoA3GSls9ugtSwuNEY44WZUcJtbWw5/PZEZEYaTozBCKTJ8hGEygh0mbkip8H07ZgDPJIZWZZd3XHddK9abhOw31s1lv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/qbCxeg==</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

Soft margin constraint:

t(i)(w>x(i) + b)

‖w‖2
≥ C(1−ξi),

for ξi ≥ 0.

Penalize
∑
i ξi
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Maximizing Margin for Non-Separable Data Points

Soft-margin SVM objective:

min
w,b,ξ

1

2
‖w‖22 + γ

N∑

i=1

ξi

s.t. t(i)(w>x(i) + b) ≥ 1−ξi i = 1, . . . , N

ξi ≥ 0 i = 1, . . . , N

γ is a hyperparameter that trades off the margin with the amount of
slack.

I For γ = 0, we’ll get w = 0. (Why?)
I As γ →∞ we get the hard-margin objective.

Note: It is also possible to constrain
∑
i ξi instead of penalizing it.
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From Margin Violation to Hinge Loss

Let’s simplify the soft margin constraint by eliminating ξi. Recall:

t(i)(w>x(i) + b) ≥ 1− ξi i = 1, . . . , N

ξi ≥ 0 i = 1, . . . , N

We would like to find a smallest slack variable ξi that satisfy both
ξi ≥ 1− t(i)(w>x(i) + b) and ξi ≥ 0.

I Case 1: 1− t(i)(w>x(i) + b) ≤ 0
I The smallest non-negative ξi that satisfies the constraint is ξi = 0.

I Case 2: 1− t(i)(w>x(i) + b) > 0
I The smallest ξi that satisfies the constraint is
ξi = 1− t(i)(w>x(i) + b).

Hence, ξi = max{0, 1− t(i)(w>x(i) + b)}.
Therefore, the slack penalty can be written as

N∑

i=1

ξi =

N∑

i=1

max{0, 1− t(i)(w>x(i) + b)}.

We sometimes write max{0, z} = (z)+
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From Margin Violation to Hinge Loss

If we write z(i)(w, b) = w>x(i) + b, the optimization problem can be written as

min
w,b

N∑

i=1

(
1− t(i)z(i)(w, b)

)
+

+
1

2γ
‖w‖22

The loss function LH(z, t) = (1− tz)+ is called the hinge loss.

The second term is the L2-norm of the weights.

Hence, the soft-margin SV Classifier can be seen as a linear classifier
with hinge loss and an L2 regularizer.
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Revisiting Loss Functions for Classification

Hinge loss compared with other loss functions

[Figure credit: ESL, Section 10.6]
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Kernel Methods

Kernel Methods
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Nonlinear Decision Boundaries

SV Classifier: Margin maximizing linear classifier.

Linear models are restrictive.

Q: How can we get nonlinear decision boundaries?

Feature mapping x 7→ φ(x)

Q: How do we find good features?
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Feature Maps

Let’s say that we want a quadratic decision boundary

What feature mapping do we need?

One possibility (ignore
√

2 for now)

φ(x) = (1,
√

2x1, ...,
√

2xd,
√

2x1x2,
√

2x1x3, ...
√

2xd−1xd, x
2
1, ..., x

2
d)

Pairwise is over i < j

We have dim(φ(x)) = O(d2), which is problematic for large d.

If features are in a high dimension, the computation cost might be
large. Can we avoid the high computation cost?

Let us take a closer look at SVM.
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From Primal to Dual Formulation of SVM

Recall that the SVM is defined using the following constrained
optimization problem:

min
w,b,ξ

1

2
‖w‖22 + γ

N∑

i=1

ξi

s.t. t(i)(w>x(i) + b) ≥ 1− ξi i = 1, . . . , N

ξi ≥ 0 i = 1, . . . , N

This is called the primal formulation.

We can instead solve a dual optimization problem to obtain w.

I We do not derive it here in detail. The basic idea is to form the
following Lagrangian, find w as a function of α (and other
variables), and express the Lagrangian only in terms of the dual
variables:

L(w, b, ξ, α, µ) ,
1

2
‖w‖22 + γ

N∑

i=1

ξi +

N∑

i=1

αi

[
1− ξi − t(i)(w>x(i) + b)

]
−

N∑

i=1

µiξi.
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From Primal to Dual Formulation of SVM

Primal Optimization Problem:

min
w,b,ξ

1

2
‖w‖22 + γ

N∑
i=1

ξi

s.t. t(i)(w>x(i) + b) ≥ 1− ξi i = 1, . . . , N

ξi ≥ 0 i = 1, . . . , N

Dual Optimization Problem:

max
αi≥0

{
N∑
i=1

αi − 1

2

N∑
i,j=1

t(i)t(j)αiαj(x
(i)>x(j))

}

subject to 0 ≤ αi ≤ C;

N∑
i=1

αit
(i) = 0

The weights become

w =
N∑
i=1

αit
(i)x(i),

which is a function of the dual variables (αi)
N
i=1.
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From Primal to Dual Formulation of SVM

Dual Optimization Problem:

max
αi≥0

{
N∑
i=1

αi − 1

2

N∑
i,j=1

t(i)t(j)αiαj(x
(i)>x(j))

}

subject to 0 ≤ αi ≤ C;

N∑
i=1

αit
(i) = 0

The weights become w =
∑N
i=1 αit

(i)x(i).

The non-zero weights αi corresponds to observations that satisfy
t(i)(w>x(i) + b) = 1− ξi. These are the support vectors.

The prediction of SVM is y(x) = sign(w>x).

Observation: The input data only appears in the form of inner products

x(i)>x(j).
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SVM in Feature Space

If instead of using input x, we first map it to a feature space as φ(x), we get a

similar dual optimization problem.

I The difference is that we have to substitute the inner product in the

input space x(i)>x(j) with the inner product in the feature space
φ(x(i))>φ(x(j)).

max
αi≥0

{
N∑
i=1

αi − 1

2

N∑
i,j=1

t(i)t(j)αiαj(φ(x(i))>φ(x(j)))

}

subject to 0 ≤ αi ≤ C;
N∑
i=1

αit
(i) = 0

The weight vector would be w =
∑N
i=1 αit

(i)φ(x(i)).

The prediction of SVM would be

y(x) = sign(w>φ(x)) = sign

(
N∑
i=1

αit
(i)φ(x(i))>φ(x)

)
.

Observation: The input data only appears in the form of inner products
φ(x1)>φ(x2) for some of x1 and x2.
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From Inner Products to Kernels

SVMs (and many other “linear” algorithms) are based on the
inner product computation.

For high-dimensional features maps, the explicit computation of
φ(x) and then computing the inner product can be expensive.

I Our previous example:

φ(x) = (1,
√

2x1, ...,
√

2xd,
√

2x1x2,
√

2x1x3, ...
√

2xd−1xd, x
2
1, ..., x

2
d)

I This has O(d2) computation and memory cost.

What if we could compute the inner product without explicitly
computing φ(x)?

What is the inner product 〈φ(x), φ(y)〉?
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From Inner Products to Kernels

What is the inner product 〈φ(x), φ(y)〉?

〈φ(x), φ(y)〉 = 1 + 2

d∑

i=1

xiyi +

d∑

i,j=1

xixjyiyj

= (1 +

d∑

i=1

xiyi)
2 = (1 + 〈x,y〉)2

This is O(d) in memory and compute time.
We call the inner product in the feature space their kernel and
denote it by K(x,y) , 〈φ(x), φ(y)〉.

I Technically: The feature space Φ together with its inner product
define a Hilbert space (after some technical considerations). The
kernel is simply its inner product.

I We may use a kernel to define a reproducing kernel Hilbert space
(RKHS), which is a Hilbert space with some nice properties. We do
not get into such details.

We can define kernels without explicitly defining the feature space.
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Kernels

Examples:

1. Polynomial
K(x,y) = (x>y + 1)p,

where d is the degree of the polynomial, e.g., p = 2 for quadratic
2. Gaussian/RBF

K(x,y) = exp

(
−‖x− y‖22

2σ2

)

3. Sigmoid
K(x,y) = tanh

(
βx>y + a

)

A kernel measures the similarity of two points x and y.

Each kernel computation corresponds to an inner product in the feature
space (and not the input space). The calculation is based on an
implicitly mapping to a potentially high-dimensional space.

Kernel functions can be defined for non-vectorized data, e.g., string
kernel, graph kernel, etc.
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Kernel Functions

What functions K : X × X → R are proper kernels?

I Proper in the sense that they are an inner product
K(x,y) = 〈φ(x), φ(y)〉 for some feature map φ.

Any symmetric and positive semidefinite function K : X × X → R is a
proper kernel.

Positive semidefinite functions are those whose Gram matrix is positive
semidefinite: For any choice of x(i),y(i) ∈ X for i = 1, . . . , n, the Gram
matrix (or Grammian)

[K]ij = K(x(i),y(j))

satisfies z>Kz ≥ 0 for any z ∈ Rn.

We can build complicated kernels so long as they are positive
semidefinite.

We can combine simple kernels together to make more complicated ones
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Basic Kernel Properties

Positive constant function is a kernel: for α ≥ 0, K ′(x1, x2) = α

Positively weighted linear combinations of kernels are kernels: if
∀i, αi ≥ 0, K ′(x1, x2) =

∑
i αiKi(x1, x2)

Products of kernels are kernels: K ′(x1, x2) = K1(x1, x2)K2(x1, x2)

The above transformations preserve positive semidefinite functions

We can use kernels as building blocks to construct complicated feature
mappings
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Kernel Feature Space

Kernels let us express very large feature spaces

I polynomial kernel (1 + x(i)>x(j))p corresponds to feature space with
the dimension exponential in p.

I Gaussian kernel has infinitely dimensional features.

Linear separators in these super high-dimensional spaces
correspond to highly nonlinear decision boundaries in the input
space
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Kernelizing SVMs

Dual formulation of SVM only depends on the inner product in the feature
space φ(x(i))>φ(x(j)). This inner product is the kernel between two inputs,
i.e., K(x(i),x(j)). So we write

max
αi≥0

{
N∑
i=1

αi − 1

2

N∑
i,j=1

t(i)t(j)αiαj(φ(x(i))>φ(x(j)))

}
=

{
N∑
i=1

αi − 1

2

N∑
i,j=1

t(i)t(j)αiαjK(x(i),x(j))

}

subject to 0 ≤ αi ≤ C;

N∑
i=1

αit
(i) = 0
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Kernelizing SVMs

As w =
∑N
i=1 αit

(i)φ(x(i)). and y(x) = sign(w>φ(x)), the prediction of SVM
would be

y(x) = sign(w>φ(x)) = sign

(
N∑
i=1

αit
(i)φ(x(i))>φ(x)

)

= sign

(
N∑
i=1

αit
(i)K(x(i),x)

)
.

The computation is all expressed in terms of kernels between different points.
We do not need to compute the feature mapping φ(x) explicitly.

This is called the kernel trick.
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Example: Linear SVM

Solid line - decision boundary. Dashed - +1/-1 margin. Purple - Bayes
optimal

Solid dots - Support vectors on margin

[Image credit: ”Elements of statistical learning”]
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Example: Degree-4 Polynomial Kernel SVM

[Image credit: ”Elements of statistical learning”]
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Example: Gaussian Kernel SVM

[Image credit: ”Elements of statistical learning”]
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Kernel Methods Beyond SVMs

Kernel method is not limited to SVMs.
When can we apply the kernel trick?

Representer Theorem

If w∗ is defined as

w∗ = arg min
N∑

i=1

L
(〈

w, φ(x(i))
〉
, t(i)

)
+ λ ‖w‖2 ,

then w∗ ∈ span{φ(x(1)), . . . , φ(x(N))}, that is,

w∗ =

N∑

i=1

αiφ(x(i))

for some α ∈ RN .

We assume we can predict using inner product computation.
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Optimization

We can compute

〈w, φ(x)〉 =

〈
N∑

i=1

αiφ(x(i)), φ(x)

〉
=

N∑

i=1

αi

〈
φ(x(i)), φ(x)

〉
=

N∑

i=1

αiK(x(i),x)

Similarly for the regularizer

‖w‖2 =

〈
N∑

i=1

αiφ(x(i)),

N∑

j=1

αjφ(x(j))

〉
=

N∑

i,j=1

αiαj

〈
φ(x(i)), φ(x(j))

〉

=

N∑

i=1

αiαjK(x(i),x(j))

We can optimize without computing φ(x).

α = argmin
α∈RN

N∑

i=1

L




N∑

j=1

αjK(x(i),x(j)), t(i)


+λ

N∑

i=1

αiαjK(x(i),x(j))
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Other Kernel Methods

Kernel Logistic regression
I We can think of logistic regression as minimizing

log(1 + exp(−t(i)wTx(i)))
I If you use L2 regularization, this fits the representer theorem.
I Performance is close to SVM
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Kernel and SVM

The kernel trick is not limited to SVM, but is most common with it.

Why do the kernel trick and SVM work well together?

Generalization:

I The kernel trick allows us to work in very high dimensions.
I Regularization allows us to control the complexity of the high

dimensional space.

Computation:

I In general, w∗ is a linear combination of the training data N .
I This might become an issue for large N .
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Boosting

Boosting
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Ensembles: Boosting

Recall that an ensemble is a set of predictors whose individual decisions
are combined in some way to classify new examples.

(Previously) Bagging: Train classifiers independently on random
subsamples of the training data.

(This lecture) Boosting: Train classifiers sequentially, each time
focusing on training data points that were previously misclassified.

Let’s start with the concepts of weighted training sets and weak
learner/classifier (or base classifiers).
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Weighted Training Set

The misclassification rate 1
N

∑N
n=1 I[h(x(n)) 6= t(n)] weighs each training

example equally.

Key idea: We can learn a classifier using different cost (aka weight) for
each example.

I Classifier “tries harder” on examples with higher cost

Change cost function:

N∑

n=1

1

N
I[h(x(n)) 6= t(n)] becomes

N∑

n=1

w(n)I[h(x(n)) 6= t(n)]

Usually require each w(n) > 0 and
∑N
n=1 w

(n) = 1
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Weak Learner/Classifier

(Informal) Weak learner is a learning algorithm that outputs a hypothesis
(i.e., a classifier) that performs slightly better than chance, e.g., it
predicts the correct label with probability 0.51 in binary label case.

I It gets slightly less than 0.5 error rate (the worst case is 0.5)

We are interested in weak learners that are computationally efficient.

I Decision trees
I Even simpler: Decision Stump: A decision tree with a single split

[Formal definition of weak learnability has quantifiers such as “for any distribution over data” and the
requirement that its guarantee holds only probabilistically.]
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Weak Classifiers

These weak classifiers, which are decision stumps, consist of the set of
horizontal and vertical half spaces.

Vertical half spaces Horizontal half spaces
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Weak Classifiers

Vertical half spaces Horizontal half spaces

A single weak classifier is not capable of making the training error very
small. It only performs slightly better than chance, i.e., the error of
classifier h according to the given weights {w(1), . . . , w(N)} (with∑N
n=1 w

(n) = 1 and w(n) ≥ 0)

err =

N∑

n=1

w(n)I[h(x(n)) 6= t(n)]

is at most 1
2 − γ for some small γ > 0.

Can we combine a set of weak classifiers in order to make a better
ensemble of classifiers?
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AdaBoost (Adaptive Boosting)

Boosting: Train classifiers sequentially, each time assigning higher
weights to training data points that were previously misclassified.

Key steps of AdaBoost:

1. At each iteration we re-weight the training samples by assigning
larger weights to samples (i.e., data points) that were classified
incorrectly.

2. We train a new weak classifier based on the re-weighted samples.
3. We add this weak classifier to the ensemble of weak classifiers. This

ensemble is our new classifier.
4. We repeat the process many times.

The weak learner needs to minimize weighted error.

AdaBoost reduces bias by making each classifier focus on previous
mistakes.
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Notations

Input: Data DN = {x(n), t(n)}Nn=1 where t(n) ∈ {−1,+1}
I This is different from previous lectures where we had t(n) ∈ {0,+1}
I It is for notational convenience; otherwise, it is equivalent.

A classifier or hypothesis h : x→ {−1,+1}
0-1 loss: I[h(x(n)) 6= t(n)] = 1

2(1− h(x(n)) · t(n))
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AdaBoost Algorithm

Input: Data DN , weak classifier WeakLearn (a classification procedure that
returns a classifier h, e.g., best decision stump, from a set of classifiers H, e.g.,
all possible decision stumps), number of iterations T

Output: Classifier H(x)

Initialize sample weights: w(n) = 1
N

for n = 1, . . . , N

For t = 1, . . . , T
I Fit a classifier to data using weighted samples

(ht ←WeakLearn(DN ,w)), e.g.,

ht ← argmin
h∈H

N∑
n=1

w(n)I{h(x(n)) 6= t(n)}

I Compute weighted error errt =
∑N

n=1 w
(n)I{ht(x(n))6=t(n)}∑N

n=1 w
(n)

I Compute classifier coefficient αt = 1
2

log 1−errt
errt

(∈ (0,∞))
I Update data weights (n = 1, . . . , N):

w(n) ← w(n) exp
(
−αtt(n)ht(x

(n))
) [
≡ w(n) exp

(
2αtI{ht(x(n)) 6= t(n)}

)]
Return H(x) = sign

(∑T
t=1 αtht(x)

)
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Weighting Intuition

Recall: H(x) = sign
(∑T

t=1 αtht(x)
)

where αt = 1
2 log 1−errt

errt

Weak classifiers which get lower weighted error get more weight in
the final classifier
Also: w(n) ← w(n) exp

(
2αtI{ht(x(n)) 6= t(n)}

)
I If errt ≈ 0, αt is high, so misclassified examples get more attention
I If errt ≈ 0.5, αt is low, so misclassified examples are not emphasized

Q: What happens to the weight of correctly classifier data?
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AdaBoost Example

Training data

H: decision trees with a single split (decision stumps)

[Slide credit: Verma & Thrun]
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AdaBoost Example

Round 1

w =

(
1

10
, . . . ,

1

10

)
⇒ Train a classifier (using w)⇒ err1 =

∑10
n=1 w

(n)I[h1(x(n)) 6= t(n)]∑10
n=1 w

(n)
=

3

10

⇒α1 =
1

2
log

1− err1

err1
=

1

2
log(

1

0.3
− 1) ≈ 0.42⇒ H(x) = sign (α1h1(x))

[Slide credit: Verma & Thrun]
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AdaBoost Example

Round 2

w←new weights⇒ Train a classifier (using w)⇒ err2 =

∑10
n=1 w

(n)I{h2(x(n)) 6= t(n)}∑10
n=1 w

(n)
= 0.21

⇒α2 =
1

2
log

1− err2

err2
=

1

2
log(

1

0.21
− 1) ≈ 0.66⇒ H(x) = sign (α1h1(x) + α2h2(x))

[Slide credit: Verma & Thrun]
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AdaBoost Example

Round 3

w← new weights⇒ Train a classifier (using w)⇒ err3 =

∑10
n=1 w

(n)I{h3(x(n)) 6= t(n)}∑10
i=1 w

(n)
= 0.14

⇒ α3 =
1

2
log

1− err3

err3
=

1

2
log(

1

0.14
− 1) ≈ 0.91⇒ H(x) = sign (α1h1(x) + α2h2(x) + α3h3(x))

[Slide credit: Verma & Thrun]
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AdaBoost Example

Final classifier

[Slide credit: Verma & Thrun]
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AdaBoost Algorithm

Samples h1
<latexit sha1_base64="WQi1lWWoKHIxIqloXQAEwQJU1/k=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHou9eKxoH9CGstlskqX7CLsboYT8BK/6e/wZ/gJv4tWb2zQH29KBD4aZb2AYP6FEacf5tDY2t7Z3dit71f2Dw6PjWv2kp0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcn7Znff8FSEcGf9TTBHoMRJyFBUBvpKR6741rDaToF7FXilqQBSnTGdetyFAiUMsw1olCpoesk2sug1ARRnFdHqcIJRBMY4aGhHDKsvKzomtsXRgnsUEhzXNuF+j+RQabUlPnmk0Edq2VvJq7zdMzyRY1GQhIjE7TGWGqrwzsvIzxJNeZoXjZMqa2FPRvPDojESNOpIRCZPEE2iqGESJuJq6MimLUFY5AHKjfLuss7rpLeddN1mu7jTaN1X25cAWfgHFwBF9yCFngAHdAFCETgFbyBd+vD+rK+rZ/564ZVZk7BAqzfP80ksI4=</latexit><latexit sha1_base64="WQi1lWWoKHIxIqloXQAEwQJU1/k=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHou9eKxoH9CGstlskqX7CLsboYT8BK/6e/wZ/gJv4tWb2zQH29KBD4aZb2AYP6FEacf5tDY2t7Z3dit71f2Dw6PjWv2kp0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcn7Znff8FSEcGf9TTBHoMRJyFBUBvpKR6741rDaToF7FXilqQBSnTGdetyFAiUMsw1olCpoesk2sug1ARRnFdHqcIJRBMY4aGhHDKsvKzomtsXRgnsUEhzXNuF+j+RQabUlPnmk0Edq2VvJq7zdMzyRY1GQhIjE7TGWGqrwzsvIzxJNeZoXjZMqa2FPRvPDojESNOpIRCZPEE2iqGESJuJq6MimLUFY5AHKjfLuss7rpLeddN1mu7jTaN1X25cAWfgHFwBF9yCFngAHdAFCETgFbyBd+vD+rK+rZ/564ZVZk7BAqzfP80ksI4=</latexit><latexit sha1_base64="WQi1lWWoKHIxIqloXQAEwQJU1/k=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHou9eKxoH9CGstlskqX7CLsboYT8BK/6e/wZ/gJv4tWb2zQH29KBD4aZb2AYP6FEacf5tDY2t7Z3dit71f2Dw6PjWv2kp0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcn7Znff8FSEcGf9TTBHoMRJyFBUBvpKR6741rDaToF7FXilqQBSnTGdetyFAiUMsw1olCpoesk2sug1ARRnFdHqcIJRBMY4aGhHDKsvKzomtsXRgnsUEhzXNuF+j+RQabUlPnmk0Edq2VvJq7zdMzyRY1GQhIjE7TGWGqrwzsvIzxJNeZoXjZMqa2FPRvPDojESNOpIRCZPEE2iqGESJuJq6MimLUFY5AHKjfLuss7rpLeddN1mu7jTaN1X25cAWfgHFwBF9yCFngAHdAFCETgFbyBd+vD+rK+rZ/564ZVZk7BAqzfP80ksI4=</latexit><latexit sha1_base64="WQi1lWWoKHIxIqloXQAEwQJU1/k=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHou9eKxoH9CGstlskqX7CLsboYT8BK/6e/wZ/gJv4tWb2zQH29KBD4aZb2AYP6FEacf5tDY2t7Z3dit71f2Dw6PjWv2kp0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcn7Znff8FSEcGf9TTBHoMRJyFBUBvpKR6741rDaToF7FXilqQBSnTGdetyFAiUMsw1olCpoesk2sug1ARRnFdHqcIJRBMY4aGhHDKsvKzomtsXRgnsUEhzXNuF+j+RQabUlPnmk0Edq2VvJq7zdMzyRY1GQhIjE7TGWGqrwzsvIzxJNeZoXjZMqa2FPRvPDojESNOpIRCZPEE2iqGESJuJq6MimLUFY5AHKjfLuss7rpLeddN1mu7jTaN1X25cAWfgHFwBF9yCFngAHdAFCETgFbyBd+vD+rK+rZ/564ZVZk7BAqzfP80ksI4=</latexit>

Re-weighted 
Samples

Re-weighted 
Samples

Re-weighted 
Samples

h2
<latexit sha1_base64="RJacZp1vCxsEVFHPWV5JdBplswg=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8eK9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc/9/guWigj+rGcx9hiMOAkJgtpIT5Nxc1ytOw0nh71O3ILUQYHOuGZdjQKBEoa5RhQqNXSdWHsplJogirPKKFE4hmgKIzw0lEOGlZfmXTP70iiBHQppjms7V/8nUsiUmjHffDKoJ2rVm4ubPD1h2bJGIyGJkQnaYKy01eGdlxIeJxpztCgbJtTWwp6PZwdEYqTpzBCITJ4gG02ghEibiSujPJi2BWOQByozy7qrO66TXrPhOg338abeui82LoNzcAGugQtuQQs8gA7oAgQi8ArewLv1YX1Z39bP4rVkFZkzsATr9w/O/bCP</latexit><latexit sha1_base64="RJacZp1vCxsEVFHPWV5JdBplswg=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8eK9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc/9/guWigj+rGcx9hiMOAkJgtpIT5Nxc1ytOw0nh71O3ILUQYHOuGZdjQKBEoa5RhQqNXSdWHsplJogirPKKFE4hmgKIzw0lEOGlZfmXTP70iiBHQppjms7V/8nUsiUmjHffDKoJ2rVm4ubPD1h2bJGIyGJkQnaYKy01eGdlxIeJxpztCgbJtTWwp6PZwdEYqTpzBCITJ4gG02ghEibiSujPJi2BWOQByozy7qrO66TXrPhOg338abeui82LoNzcAGugQtuQQs8gA7oAgQi8ArewLv1YX1Z39bP4rVkFZkzsATr9w/O/bCP</latexit><latexit sha1_base64="RJacZp1vCxsEVFHPWV5JdBplswg=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8eK9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc/9/guWigj+rGcx9hiMOAkJgtpIT5Nxc1ytOw0nh71O3ILUQYHOuGZdjQKBEoa5RhQqNXSdWHsplJogirPKKFE4hmgKIzw0lEOGlZfmXTP70iiBHQppjms7V/8nUsiUmjHffDKoJ2rVm4ubPD1h2bJGIyGJkQnaYKy01eGdlxIeJxpztCgbJtTWwp6PZwdEYqTpzBCITJ4gG02ghEibiSujPJi2BWOQByozy7qrO66TXrPhOg338abeui82LoNzcAGugQtuQQs8gA7oAgQi8ArewLv1YX1Z39bP4rVkFZkzsATr9w/O/bCP</latexit><latexit sha1_base64="RJacZp1vCxsEVFHPWV5JdBplswg=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8eK9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc/9/guWigj+rGcx9hiMOAkJgtpIT5Nxc1ytOw0nh71O3ILUQYHOuGZdjQKBEoa5RhQqNXSdWHsplJogirPKKFE4hmgKIzw0lEOGlZfmXTP70iiBHQppjms7V/8nUsiUmjHffDKoJ2rVm4ubPD1h2bJGIyGJkQnaYKy01eGdlxIeJxpztCgbJtTWwp6PZwdEYqTpzBCITJ4gG02ghEibiSujPJi2BWOQByozy7qrO66TXrPhOg338abeui82LoNzcAGugQtuQQs8gA7oAgQi8ArewLv1YX1Z39bP4rVkFZkzsATr9w/O/bCP</latexit>

h3
<latexit sha1_base64="BTVvM4uCgypSE15+jQl7JzQyFQw=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIV9FjsxWNF+4A2lM1mky7dR9jdCCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7wVLRQR/1tMYewxGnIQEQW2kp/HoelStOw0nh71K3ILUQYH2qGZdDAOBEoa5RhQqNXCdWHsplJogirPKMFE4hmgCIzwwlEOGlZfmXTP73CiBHQppjms7V/8nUsiUmjLffDKox2rZm4nrPD1m2aJGIyGJkQlaYyy11eGdlxIeJxpzNC8bJtTWwp6NZwdEYqTp1BCITJ4gG42hhEibiSvDPJi2BGOQByozy7rLO66S7lXDdRru4029eV9sXAan4AxcAhfcgiZ4AG3QAQhE4BW8gXfrw/qyvq2f+WvJKjInYAHW7x/Q1rCQ</latexit><latexit sha1_base64="BTVvM4uCgypSE15+jQl7JzQyFQw=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIV9FjsxWNF+4A2lM1mky7dR9jdCCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7wVLRQR/1tMYewxGnIQEQW2kp/HoelStOw0nh71K3ILUQYH2qGZdDAOBEoa5RhQqNXCdWHsplJogirPKMFE4hmgCIzwwlEOGlZfmXTP73CiBHQppjms7V/8nUsiUmjLffDKox2rZm4nrPD1m2aJGIyGJkQlaYyy11eGdlxIeJxpzNC8bJtTWwp6NZwdEYqTp1BCITJ4gG42hhEibiSvDPJi2BGOQByozy7rLO66S7lXDdRru4029eV9sXAan4AxcAhfcgiZ4AG3QAQhE4BW8gXfrw/qyvq2f+WvJKjInYAHW7x/Q1rCQ</latexit><latexit sha1_base64="BTVvM4uCgypSE15+jQl7JzQyFQw=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIV9FjsxWNF+4A2lM1mky7dR9jdCCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7wVLRQR/1tMYewxGnIQEQW2kp/HoelStOw0nh71K3ILUQYH2qGZdDAOBEoa5RhQqNXCdWHsplJogirPKMFE4hmgCIzwwlEOGlZfmXTP73CiBHQppjms7V/8nUsiUmjLffDKox2rZm4nrPD1m2aJGIyGJkQlaYyy11eGdlxIeJxpzNC8bJtTWwp6NZwdEYqTp1BCITJ4gG42hhEibiSvDPJi2BGOQByozy7rLO66S7lXDdRru4029eV9sXAan4AxcAhfcgiZ4AG3QAQhE4BW8gXfrw/qyvq2f+WvJKjInYAHW7x/Q1rCQ</latexit><latexit sha1_base64="BTVvM4uCgypSE15+jQl7JzQyFQw=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIV9FjsxWNF+4A2lM1mky7dR9jdCCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7wVLRQR/1tMYewxGnIQEQW2kp/HoelStOw0nh71K3ILUQYH2qGZdDAOBEoa5RhQqNXCdWHsplJogirPKMFE4hmgCIzwwlEOGlZfmXTP73CiBHQppjms7V/8nUsiUmjLffDKox2rZm4nrPD1m2aJGIyGJkQlaYyy11eGdlxIeJxpzNC8bJtTWwp6NZwdEYqTp1BCITJ4gG42hhEibiSvDPJi2BGOQByozy7rLO66S7lXDdRru4029eV9sXAan4AxcAhfcgiZ4AG3QAQhE4BW8gXfrw/qyvq2f+WvJKjInYAHW7x/Q1rCQ</latexit>

hT
<latexit sha1_base64="OPt3ynkhCqxqBzDpgrYhiyO9cFA=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWPFvqANZbPZJEv3EXY3Qgn9CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkKJ0o7zaZW2tnd298r7lYPDo+OTau20p0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcnrbnff8FSEcE7eppgj8GIk5AgqI30HI8742rdaTg57HXiFqQOCrTHNetqFAiUMsw1olCpoesk2sug1ARRPKuMUoUTiCYwwkNDOWRYeVnedWZfGiWwQyHNcW3n6v9EBplSU+abTwZ1rFa9ubjJ0zGbLWs0EpIYmaANxkpbHd57GeFJqjFHi7JhSm0t7Pl4dkAkRppODYHI5AmyUQwlRNpMXBnlwawlGIM8UDOzrLu64zrp3TRcp+E+3dabD8XGZXAOLsA1cMEdaIJH0AZdgEAEXsEbeLc+rC/r2/pZvJasInMGlmD9/gEN3rCx</latexit><latexit sha1_base64="OPt3ynkhCqxqBzDpgrYhiyO9cFA=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWPFvqANZbPZJEv3EXY3Qgn9CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkKJ0o7zaZW2tnd298r7lYPDo+OTau20p0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcnrbnff8FSEcE7eppgj8GIk5AgqI30HI8742rdaTg57HXiFqQOCrTHNetqFAiUMsw1olCpoesk2sug1ARRPKuMUoUTiCYwwkNDOWRYeVnedWZfGiWwQyHNcW3n6v9EBplSU+abTwZ1rFa9ubjJ0zGbLWs0EpIYmaANxkpbHd57GeFJqjFHi7JhSm0t7Pl4dkAkRppODYHI5AmyUQwlRNpMXBnlwawlGIM8UDOzrLu64zrp3TRcp+E+3dabD8XGZXAOLsA1cMEdaIJH0AZdgEAEXsEbeLc+rC/r2/pZvJasInMGlmD9/gEN3rCx</latexit><latexit sha1_base64="OPt3ynkhCqxqBzDpgrYhiyO9cFA=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWPFvqANZbPZJEv3EXY3Qgn9CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkKJ0o7zaZW2tnd298r7lYPDo+OTau20p0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcnrbnff8FSEcE7eppgj8GIk5AgqI30HI8742rdaTg57HXiFqQOCrTHNetqFAiUMsw1olCpoesk2sug1ARRPKuMUoUTiCYwwkNDOWRYeVnedWZfGiWwQyHNcW3n6v9EBplSU+abTwZ1rFa9ubjJ0zGbLWs0EpIYmaANxkpbHd57GeFJqjFHi7JhSm0t7Pl4dkAkRppODYHI5AmyUQwlRNpMXBnlwawlGIM8UDOzrLu64zrp3TRcp+E+3dabD8XGZXAOLsA1cMEdaIJH0AZdgEAEXsEbeLc+rC/r2/pZvJasInMGlmD9/gEN3rCx</latexit><latexit sha1_base64="OPt3ynkhCqxqBzDpgrYhiyO9cFA=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWPFvqANZbPZJEv3EXY3Qgn9CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkKJ0o7zaZW2tnd298r7lYPDo+OTau20p0QqEe4iQYUc+FBhSjjuaqIpHiQSQ+ZT3Pcnrbnff8FSEcE7eppgj8GIk5AgqI30HI8742rdaTg57HXiFqQOCrTHNetqFAiUMsw1olCpoesk2sug1ARRPKuMUoUTiCYwwkNDOWRYeVnedWZfGiWwQyHNcW3n6v9EBplSU+abTwZ1rFa9ubjJ0zGbLWs0EpIYmaANxkpbHd57GeFJqjFHi7JhSm0t7Pl4dkAkRppODYHI5AmyUQwlRNpMXBnlwawlGIM8UDOzrLu64zrp3TRcp+E+3dabD8XGZXAOLsA1cMEdaIJH0AZdgEAEXsEbeLc+rC/r2/pZvJasInMGlmD9/gEN3rCx</latexit>

H(x) = sign

 
TX

t=1

↵tht(x)

!

<latexit sha1_base64="GB1VUXh93SXCU1F/0RNvxLUajOE="></latexit><latexit sha1_base64="GB1VUXh93SXCU1F/0RNvxLUajOE="></latexit><latexit sha1_base64="GB1VUXh93SXCU1F/0RNvxLUajOE="></latexit><latexit sha1_base64="GB1VUXh93SXCU1F/0RNvxLUajOE="></latexit>

<latexit sha1_base64="SmnNb4S0TkWrDsIhefgFUFQrNww="></latexit>

↵t =
1

2
log

✓
1� errt

errt

◆

<latexit sha1_base64="o3z3ZC8kU1t+nm6vA42CJrkmjUo="></latexit><latexit sha1_base64="o3z3ZC8kU1t+nm6vA42CJrkmjUo="></latexit><latexit sha1_base64="o3z3ZC8kU1t+nm6vA42CJrkmjUo="></latexit><latexit sha1_base64="o3z3ZC8kU1t+nm6vA42CJrkmjUo="></latexit>

<latexit sha1_base64="Hi/1bSQp1doGOuMA1PkV36dg1Og="></latexit>
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AdaBoost Minimizes the Training Error

Theorem
Assume that at each iteration of AdaBoost the WeakLearn returns a
hypothesis with error errt ≤ 1

2 − γ for all t = 1, . . . , T with γ > 0. The training

error of the output hypothesis H(x) = sign
(∑T

t=1 αtht(x)
)

is at most

LN (H) =
1

N

N∑

n=1

I{H(x(n)) 6= t(n))} ≤ exp
(
−2γ2T

)
.

This is under the simplifying assumption that each weak learner is
γ-better than a random predictor.

This is called geometric convergence. It is fast!
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Generalization Error of AdaBoost

AdaBoost’s training error (loss) converges to zero. What about the test
error of H?

As we add more weak classifiers, the overall classifier H becomes more
“complex”.

We expect more complex classifiers overfit.

If one runs AdaBoost long enough, it can in fact overfit.

Overfitting Can HappenOverfitting Can HappenOverfitting Can HappenOverfitting Can HappenOverfitting Can Happen

 0

 5

 10

 15

 20

 25

 30

 1  10  100  1000

test

train

er
ro

r

# rounds

(boosting “stumps” on
heart-disease dataset)

• but often doesn’t...
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Generalization Error of AdaBoost

But often it does not!

Sometimes the test error decreases even after the training error is zero!Actual Typical RunActual Typical RunActual Typical RunActual Typical RunActual Typical Run

10 100 1000
0

5

10

15

20

er
ro

r

test

train

)T# of rounds (

(boosting C4.5 on
“letter” dataset)

• test error does not increase, even after 1000 rounds
• (total size > 2,000,000 nodes)

• test error continues to drop even after training error is zero!

# rounds
5 100 1000

train error 0.0 0.0 0.0

test error 8.4 3.3 3.1

• Occam’s razor wrongly predicts “simpler” rule is better

How does that happen?

Next, we provide an alternative viewpoint on AdaBoost.

[Slide credit: Robert Shapire’s Slides,
http://www.cs.princeton.edu/courses/archive/spring12/cos598A/schedule.html ]
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Additive Models

We interpret AdaBoost as a way of fitting an additive model.

Consider a hypothesis class H with each hi : x 7→ {−1,+1} within H,
i.e., hi ∈ H. These are the “weak learners”, and in this context they are
also called bases.

An additive model with m terms is given by

Hm(x) =

m∑

i=1

αihi(x),

where (α1, · · · , αm) ∈ Rm (generally αi ≥ 0 and
∑
i αi = 1).

Observe that we are taking a linear combination of base classifiers hi(x),
just like in boosting.
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Additive Models

Additive model:

Hm(x) =

m∑

i=1

αihi(x),

How can we learn it? Two ways to learn additive models:

1. Learn all m hypotheses hi and αi at the same time:

min
{hi∈H,αi}mi=1

N∑

n=1

L
(
Hm(x(n), t(n))

)
=

N∑

n=1

L
(

m∑

i=1

αihi(x
(n)), t(n)

)
.

2. Learn them one by one, i.e., learn hm+1 while fixing h1, . . . , hm.
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Stagewise Training of Additive Models

A greedy approach to fitting additive models, known as stagewise training:

1. Initialize H0(x) = 0

2. For m = 1 to T :

I Compute the m-th hypothesis Hm = Hm−1 + αmhm, i.e., hm and
αm, assuming previous additive model Hm−1 is fixed:

(hm, αm)← argmin
h∈H,α

N∑

i=1

L
(
Hm−1(x(i)) + αh(x(i)), t(i)

)

I Add it to the additive model

Hm = Hm−1 + αmhm
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Additive Models with Exponential Loss

Consider the exponential loss

LE(z, t) = exp(−tz).

We want to see how the stagewise training of additive models can be done.
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Additive Models with Exponential Loss

Consider the exponential loss

LE(z, t) = exp(−tz).

We want to see how the stagewise training of additive models can be done.

(hm, αm)← argmin
h∈H,α

N∑

i=1

exp
(
−
[
Hm−1(x(i)) + αh(x(i))

]
t(i)
)

=

N∑

i=1

exp
(
−Hm−1(x(i))t(i) − αh(x(i))t(i)

)

=

N∑

i=1

exp
(
−Hm−1(x(i))t(i)

)
exp

(
−αh(x(i))t(i)

)

=

N∑

i=1

w
(m)
i exp

(
−αh(x(i))t(i)

)
.

Here we defined w
(m)
i , exp

(
−Hm−1(x(i))t(i)

)
(doesn’t depend on h, α).
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Additive Models with Exponential Loss

We want to solve the following minimization problem:

(hm, αm)← argmin
h∈H,α

N∑

i=1

w
(m)
i exp

(
−αh(x(i))t(i)

)
.

If h(x(i)) = t(i) (correct), we have exp
(
−αh(x(i))t(i)

)
= exp(−α).

If h(x(i)) 6= t(i) (incorrect), we have exp
(
−αh(x(i))t(i)

)
= exp(+α).

(recall that we are in the binary classification case with {−1,+1} output
values). We can decompose the summation above into two parts:

N∑
i=1

w
(m)
i exp

(
−αh(x(i))t(i)

)
= e−α

N∑
i=1

w
(m)
i I{h(x(i)) = t(i)}︸ ︷︷ ︸

correct predictions

+ eα
N∑
i=1

w
(m)
i I{h(x(i)) 6= t(i)}︸ ︷︷ ︸

incorrect predictions
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Additive Models with Exponential Loss

We now add and subtract e−α
∑N
i=1 w

(m)
i I{h(x(i)) 6= t(i)}:

N∑
i=1

w
(m)
i exp

(
−αh(x(i))t(i)

)
= e−α

N∑
i=1

w
(m)
i I{h(x(i)) = t(i)}︸ ︷︷ ︸

correct predictions

+ eα
N∑
i=1

w
(m)
i I{h(x(i)) 6= t(i)}︸ ︷︷ ︸

incorrect predictions

=e−α
N∑
i=1

w
(m)
i I{h(x(i)) = t(i)}+ eα

N∑
i=1

w
(m)
i I{h(x(i)) 6= t(i)}

+ e−α
N∑
i=1

w
(m)
i I{h(x(i)) 6= t(i)} − e−α

N∑
i=1

w
(m)
i I{h(x(i)) 6= t(i)}

=(eα − e−α)
N∑
i=1

w
(m)
i I{h(x(i)) 6= t(i)}+

e−α
N∑
i=1

w
(m)
i

[
I{h(x(i)) 6= t(i)}+ I{h(x(i)) = t(i)}

]
︸ ︷︷ ︸

=1

.
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Additive Models with Exponential Loss

N∑

i=1

w
(m)
i exp

(
−αh(x(i))t(i)

)
=(eα − e−α)

N∑

i=1

w
(m)
i I{h(x(i) 6= t(i)}+

e−α
N∑

i=1

w
(m)
i

[
I{h(x(i) 6= t(i)}+ I{h(x(i)) = t(i)}

]

=(eα−e−α)

N∑

i=1

w
(m)
i I{h(x(i)) 6= t(i)}+ e−α

N∑

i=1

w
(m)
i .

Let us first optimize h: The second term on the RHS does not depend on h.
So we get

hm ← argmin
h∈H

N∑

i=1

w
(m)
i exp

(
−αh(x(i))t(i)

)
≡ argmin

h∈H

N∑

i=1

w
(m)
i I{h(x(i)) 6= t(i)}.

This means that hm is the minimizer of the weighted 0− 1-loss.
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Now that we obtained hm, we want to find α: Define the weighted
classification error:

errm =

∑N
i=1 w

(m)
i I{hm(x(i)) 6= t(i)}
∑N
i=1 w

(m)
i

With this definition, and hm = argminh∈H
∑N
i=1 w

(m)
i exp(−αh(x(i))t(i))

min
α

min
h∈H

N∑

i=1

w
(m)
i exp

(
−αh(x(i))t(i)

)
=

min
α

{
(eα − e−α)

N∑

i=1

w
(m)
i I{hm(x(i)) 6= t(i)}+ e−α

N∑

i=1

w
(m)
i

}

= min
α

{
(eα − e−α)errm

N∑

i=1

w
(m)
i + e−α

N∑

i=1

w
(m)
i

}

By taking derivative w.r.t. α and set it to zero, we get

e2α =
1− errm

errm
⇒ α =

1

2
log

(
1− errm

errm

)
.
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Additive Models with Exponential Loss

The updated weights for the next iteration is

w
(m+1)
i = exp

(
−Hm(x(i))t(i)

)

= exp
(
−
[
Hm−1(x(i)) + αmhm(x(i))

]
t(i)
)

= exp
(
−Hm−1(x(i))t(i)

)
exp

(
−αmhm(x(i))t(i)

)

= w
(m)
i exp

(
−αmhm(x(i))t(i)

)
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Additive Models with Exponential Loss

To summarize, we obtain the additive model Hm(x) =
∑m
i=1 αihi(x) with

hm ← argmin
h∈H

N∑

i=1

w
(m)
i I{h(x(i)) 6= t(i)},

αm =
1

2
log

(
1− errm

errm

)
, where errm =

∑N
i=1 w

(m)
i I{hm(x(i)) 6= t(i)}
∑N
i=1 w

(m)
i

,

w
(m+1)
i = w

(m)
i exp

(
−αmhm(x(i))t(i)

)
.

We derived the AdaBoost algorithm!
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Revisiting Loss Functions for Classification

If AdaBoost is minimizing exponential loss, what does that say about its
behavior (compared to, say, logistic regression)?

This stagewise training of additive model interpretation allows boosting
to be generalized to lots of other loss functions.
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AdaBoost for Face Detection

Famous application of boosting: detecting faces in images

Viola and Jones created a very fast face detector that can be scanned
across a large image to find the faces.

A few twists on standard algorithm

I Change loss function for weak learners: false positives less costly
than misses

I Smart way to do inference in real-time (in 2001 hardware)
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AdaBoost for Face Recognition

The base classifier/weak learner just compares the total intensity in two
rectangular pieces of the image and classifies based on comparison of this
difference to some threshold.

I There is a neat trick for computing the total intensity in a rectangle
in a few operations.

I So it is easy to evaluate a huge number of base classifiers and they
are very fast at runtime.

I The algorithm adds classifiers greedily based on their quality on the
weighted training cases

I Each classifier uses just one feature
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AdaBoost Face Detection Results
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Summary: Boosting

Boosting reduces bias by generating an ensemble of weak classifiers.

Each classifier is trained to reduce errors of previous ensemble.

It is quite resilient to overfitting, though it can overfit.

Loss minimization viewpoint of AdaBoost allows us to derive other
boosting algorithms for regression, ranking, etc.
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Summary: Ensembles

Ensembles combine classifiers to improve performance

Boosting

I Reduces bias
I Increases variance (large ensemble can cause overfitting)
I Sequential
I High dependency between ensemble elements

Bagging

I Reduces variance (large ensemble cannot cause overfitting)
I Bias is not changed (much)
I Parallel
I Want to minimize correlation between ensemble elements.
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Summary: SVM and Boosting

Support Vector Machine (or Classifier) is formulated as the regularized
empirical risk minimizer problem with the choice of hinge loss and the `2
regularizer.

SVM finds the optimal separating hyperplane (separable data) and has a
margin maximization property.

AdaBoost is the solution of stagewise training of an additive model using
the exponential loss.
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