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Goal

We study some important properties of value functions and MDPs.

Bellman equation: V π = rπ + γPπV π.

Bellman operator: T π : V 7→ r + γPπV .
▶ Monotonicity: V1 ≤ V2 ⇒ TV1 ≤ TV2.
▶ Contraction: ∥TV1 − TV2∥∞ ≤ γ ∥V1 − V2∥∞.

Focus on discounted tasks

We show important consequences such as
▶ The uniqueness of the solution to the Bellman equations: If V = TπV ,

then V = V π.
▶ Error bounds on value error: ∥V − V ∗∥∞ ≤

∥V−T∗V ∥∞
1−γ .

▶ Fixed point of T ∗ is the optimal value function: V ∗ = V π∗
.

The meaning of Pf , Pπ1:m , and T π1T π2 . . . T πmV notations.

We refer to these frequently in studying and analyzing RL/Planning
algorithms.
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Learning Objectives

You need to

Remember: Bellman Equation, Bellman Operator, Greedy Policy,
Banach Fixed Point theorem

Understand: What do Bellman equation encode and why do we use
them? What do contraction and monotonicity mean?

Apply: Contraction property
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Bellman Equations

Bellman Equations
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Bellman Equations Bellman Equations for Value Functions of a Policy

Return

Consider the sequence of rewards (R1, R2, . . . ) generated after the agent
starts at state X1 = x and follows policy π. Given the discount factor
0 ≤ γ < 1, the return is

Gπ
t ≜

∑
k≥t

γk−tRk.
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Bellman Equations Bellman Equations for Value Functions of a Policy

Return

Gπ
t ≜

∑
k≥t

γk−tRk.

Return is a random variable (r.v.), so even when we follow the same policy,
we might get different trajectories in two different runs.
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Bellman Equations Bellman Equations for Value Functions of a Policy

Return

Gπ
t ≜

∑
k≥t

γk−tRk.

Here we get two trajectories (or rollouts):

Xt = 3, Rt = R(3), Xt+1 = 2, Rt+1 = R(2), Xt+2 = 3, Rt+2 =
R(3), Xt+3 = 4, Rt+3 = R(4), . . . , so the realized return from time t
onwards is R(3) + γR(2) + γ2R(3) + γ3R(4) + · · ·
Xt = 3, Rt = R(3), Xt+1 = 4, Rt+1 = R(4), Xt+2 = 5, Rt+2 =
R(5), Xt+3 = 5, Rt+3 = R(5), . . . , so the realized return from time t
onwards is R(3) + γR(4) + γ2R(5) + γ3R(5) + · · · 8 / 93



Bellman Equations Bellman Equations for Value Functions of a Policy

Recursive Property of Return

=Gπ
1︷ ︸︸ ︷

R1 + γR2 + γ2R3 + γ3R4 + · · ·︸ ︷︷ ︸
=γGπ

2

Comparing Gπ
t and Gπ

t+1, we observe that

Gπ
t = Rt + γGπ

t+1. (1)

Interpretation: The return at the current time is equal to the immediate
reward plus the discounted return at the next time step.

Return is a random variable (r.v.).

If we repeat the experiment from the same state x, the return would
be different.

Its distribution, however, is the same.

Q: When would repeated runs lead to the same return?
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Bellman Equations Bellman Equations for Value Functions of a Policy

From Return to the Bellman Equation

We take (conditional) expectation of Gπ
t (conditioned on state x), and

expand the return as in (1):

V π(x) = E [Gπ
t | Xt = x]

= E
[
Rt + γGπ

t+1 | Xt = x
]

= E [R(Xt, At) | Xt = x] + γE
[
Gπ

t+1 | Xt = x
]

= rπ(x) + γE [V π(Xt+1) | Xt = x] . (2)

Neither side is random anymore!
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Bellman Equations Bellman Equations for Value Functions of a Policy

Expanding E [V π(Xt+1) | Xt = x]

What does E [V π(Xt+1) | Xt = x] mean?
It is the expected value of V π(Xt+1) when

the agent is at state x at time t

chooses action A ∼ π(·|x)
goes to a state Xt+1 ∼ P(·|x,A)

That is:

E [V π(Xt+1) | Xt = x] =

∫
P(dx′|x, a)π(da|x)V π(x′). (3)

For countable state-action spaces, we have

E [V π(Xt+1) | Xt = x] =
∑
x′,a

P(x′|x, a)π(a|x)V π(x′).

For deterministic π, this is simply
∑

x′ P(x′|x, π(x))V π(x′).
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Bellman Equations Bellman Equations for Value Functions of a Policy

Bellman Equation for a Policy π

By (2) and (3), we get that for any x ∈ X , we have

V π(x) = rπ(x) + γ

∫
P(dx′|x, a)π(da|x)V π(x′). (4)

This is the Bellman equation for a policy π.
Interpretation: The value of following a policy π starting from the state x
is the reward that the π-following agent receives at that state plus the
discounted average (expected) value that the agent receives at the
next-state.
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Bellman Equations Bellman Equations for Value Functions of a Policy

Bellman Equation for a Policy π

Using the Pπ notation:

V π(x) = rπ(x) + γ

∫
Pπ(dx′|x)V π(x′).

Or even more compactly,

V π = rπ + γPπV π.

Remark

Recall that (Pπ)(A|x) ≜
∫
X P(dy|x, a)π(da|x)I{y∈A}
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Bellman Equations Bellman Equations for Value Functions of a Policy

Bellman Equation for a Policy π – Example

<latexit sha1_base64="x15XaBxzhKvGF4joR334eofU96g=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJLi61jsxWNF+4A2lM1mky7dR9jdiCX0J3jV3+PP8Bd4E6/e3KY52BYHPhhmvoFh/JgSpR3nwyqsrW9sbhW3Szu7e/sH5cphR4lEItxGggrZ86HClHDc1kRT3IslhsynuOuPmzO/+4SlIoI/6kmMPQYjTkKCoDbSw/OwPixXnZqTwV4lbk6qIEdrWLHOBoFACcNcIwqV6rtOrL0USk0QxdPSIFE4hmgMI9w3lEOGlZdmXaf2qVECOxTSHNd2pv5NpJApNWG++WRQj9SyNxP/8/SITRc1GglJjEzQP8ZSWx3eeCnhcaIxR/OyYUJtLezZeHZAJEaaTgyByOQJstEISoi0mbg0yIJpUzAGeaCmZll3ecdV0qnX3Kva5f1FtXGbb1wEx+AEnAMXXIMGuAMt0AYIROAFvII36936tL6s7/lrwcozR2AB1s8v7+2wqQ==</latexit>x2

The Bellman equations are:

V π(x1) = r(x1) + γ [P(x1|x1)V π(x1) + P(x2|x1)V π(x2)]

V π(x2) = r(x2) + γ [P(x1|x2)V π(x1) + P(x2|x2)V π(x2)]

In matrix form, we can write it as[
V π
1

V π
2

]
=

[
r1
r2

]
+ γ

[
p11 p12
p21 p22

] [
V π
1

V π
2

]
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Bellman Equations Bellman Equations for Value Functions of a Policy

Bellman Equation for a Policy π (Qπ)

The Bellman equation for the action-value function Qπ:

Qπ(x, a) = r(x, a) + γ

∫
P(dx′|x, a)V π(x′)

= r(x, a) + γ

∫
P(dx′|x, a)π(da′|x′)Qπ(x′, a′). (5)

More compactly:
Qπ = r + γPV π,

with the understanding that V π and Qπ are related as
V π(x) =

∫
π(da|x)Qπ(x, a).

Remark

The difference with the Bellman equation for V π is that the choice of
action at the first time step is pre-specified, instead of being selected by
policy π.
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Bellman Equations Bellman Equations for Value Functions of a Policy

Example

<latexit sha1_base64="x15XaBxzhKvGF4joR334eofU96g=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJLi61jsxWNF+4A2lM1mky7dR9jdiCX0J3jV3+PP8Bd4E6/e3KY52BYHPhhmvoFh/JgSpR3nwyqsrW9sbhW3Szu7e/sH5cphR4lEItxGggrZ86HClHDc1kRT3IslhsynuOuPmzO/+4SlIoI/6kmMPQYjTkKCoDbSw/OwPixXnZqTwV4lbk6qIEdrWLHOBoFACcNcIwqV6rtOrL0USk0QxdPSIFE4hmgMI9w3lEOGlZdmXaf2qVECOxTSHNd2pv5NpJApNWG++WRQj9SyNxP/8/SITRc1GglJjEzQP8ZSWx3eeCnhcaIxR/OyYUJtLezZeHZAJEaaTgyByOQJstEISoi0mbg0yIJpUzAGeaCmZll3ecdV0qnX3Kva5f1FtXGbb1wEx+AEnAMXXIMGuAMt0AYIROAFvII36936tL6s7/lrwcozR2AB1s8v7+2wqQ==</latexit>x2

Write down the Bellman equation for π1, which always selects action a1 at
x0.

V π1(x0) = Qπ1(x0, a1) = γ [0.8V π1(x1) + 0.2V π1(x2)] ,

V π1(x1) = 7 + γV π1(x2),

V π1(x2) = 2 + γV π1(x0).
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Bellman Equations Bellman Equations for Value Functions of a Policy

Example

<latexit sha1_base64="x15XaBxzhKvGF4joR334eofU96g=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJLi61jsxWNF+4A2lM1mky7dR9jdiCX0J3jV3+PP8Bd4E6/e3KY52BYHPhhmvoFh/JgSpR3nwyqsrW9sbhW3Szu7e/sH5cphR4lEItxGggrZ86HClHDc1kRT3IslhsynuOuPmzO/+4SlIoI/6kmMPQYjTkKCoDbSw/OwPixXnZqTwV4lbk6qIEdrWLHOBoFACcNcIwqV6rtOrL0USk0QxdPSIFE4hmgMI9w3lEOGlZdmXaf2qVECOxTSHNd2pv5NpJApNWG++WRQj9SyNxP/8/SITRc1GglJjEzQP8ZSWx3eeCnhcaIxR/OyYUJtLezZeHZAJEaaTgyByOQJstEISoi0mbg0yIJpUzAGeaCmZll3ecdV0qnX3Kva5f1FtXGbb1wEx+AEnAMXXIMGuAMt0AYIROAFvII36936tL6s7/lrwcozR2AB1s8v7+2wqQ==</latexit>x2

We can solve a system of linear equations. After some calculations, we get
that

[5− γ2(1 + 4γ)]V π1(x0) = 2γ(15 + 4γ).

For γ = 3/4, we have V π1(x0) =
108
11 ≈ 9.82.

Q: What is Qπ1(x0, a2)?
Exercise: Let π2(x0) = a2. What is V π2(x0)? 17 / 93



Bellman Equations Bellman Equations for Optimal Value Functions

Optimal Policy and Value Function

<latexit sha1_base64="XvoABIzbADcjKGhieJUeaLCwoOg=">AAACPXicdVBLS8NAGNzUV62vVo9eFoviqSQi6LHYi8cW7APaUDabTbt0H2F3I5bQX+BVf4+/wx/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05ha3tnd6+4Xzo4PDo+KVdOO1omCpM2lkyqXoA0YVSQtqGGkV6sCOIBI91g0pj73WeiNJXiyUxj4nM0EjSiGBkrtV6G5apbczPAdeLlpApyNIcV52oQSpxwIgxmSOu+58bGT5EyFDMyKw0STWKEJ2hE+pYKxIn206zpDF5aJYSRVPaEgZn6P5EirvWUB/aTIzPWq95c3OSZMZ8ta2wkFbUyxRuMlbYmuvdTKuLEEIEXZaOEQSPhfDoYUkWwYVNLELZ5iiEeI4WwsQOXBlkwbUjOkQj1zC7rre64Tjo3Nc+tea3bav0h37gIzsEFuAYeuAN18AiaoA0wIOAVvIF358P5cr6dn8VrwckzZ2AJzu8flPKv+g==</latexit>

<latexit sha1_base64="Wdb3C8OMZNxjbGCLrCvxlKaTMEs=">AAACQHicdVBLS8NAGNz4rPXV6tFLsCj1UhIR9FjsxWMF+4A2lM1m0yzdR9jdiCXkL3jV3+O/8B94E6+e3KY52JYOfDDMfAPD+DElSjvOp7WxubW9s1vaK+8fHB4dV6onXSUSiXAHCSpk34cKU8JxRxNNcT+WGDKf4p4/ac383jOWigj+pKcx9hgccxISBPVM6tZfrkaVmtNwctirxC1IDRRoj6rW5TAQKGGYa0ShUgPXibWXQqkJojgrDxOFY4gmcIwHhnLIsPLSvGxmXxglsEMhzXFt5+r/RAqZUlPmm08GdaSWvZm4ztMRyxY1OhaSGJmgNcZSWx3eeSnhcaIxR/OyYUJtLezZenZAJEaaTg2ByOQJslEEJUTabFwe5sG0JRiDPFCZWdZd3nGVdK8brtNwH29qzfti4xI4A+egDlxwC5rgAbRBByAQgVfwBt6tD+vL+rZ+5q8bVpE5BQuwfv8AOxqwvw==</latexit>

<latexit sha1_base64="FpPwJDDzSmlnUwsAtoeOOxu9sMs=">AAACWXicdVDLSsNAFJ3EV62vVpdugkVxVRIRdFnsxqWCrYWmlsn0th2cR5i5EUvIwq9xq58j/ozT2IVWPDBwOOeeO5eTpIJbDMMPz19ZXVvfqGxWt7Z3dvdq9f2u1Zlh0GFaaNNLqAXBFXSQo4BeaoDKRMB98tie+/dPYCzX6g5nKQwknSg+5oyik4a1wxjhGcs9eSIyKPLuQx6nfBgVxbDWCJthieAviRakQRa4Gda9k3ikWSZBIRPU2n4UpjjIqUHOBBTVOLOQUvZIJ9B3VFEJdpCXvxfBsVNGwVgb9xQGpfozkVNp7UwmblJSnNplby7+5+FUFr81MdGGO5mzf4yla3F8Oci5SjMExb6PHWciQB3Maw1G3ABDMXOEMpfnLGBTaihDV341LoN5W0tJ1cjOm42We/xLumfNKGxGt+eN1tWi4wo5JEfklETkgrTINbkhHcLIC3klb+Td+/Q9v+JXv0d9b5E5IL/gH3wBC1a4BA==</latexit>

<latexit sha1_base64="cQCJlwXcZX1ZzHrek4qrBIwN28o=">AAACWnicdVDLSsNAFJ3GZ+urVXe6CBbFVUmKoEvRjUsFWwVTy2R62w7OI8zciCVk49e41b8R/BgnaRda8cDA4Zx77lxOnAhuMQg+K97C4tLyymq1tra+sblVb2x3rU4Ngw7TQpv7mFoQXEEHOQq4TwxQGQu4i58uC//uGYzlWt3iJIGepCPFh5xRdFK/vh8hvGC5JxsZAJVn3ccsSni/nef9ejNoBSX8vySckSaZ4brfqBxFA81SCQqZoNY+hEGCvYwa5ExAXotSCwllT3QED44qKsH2svL73D90ysAfauOeQr9UfyYyKq2dyNhNSopjO+8V4n8ejmX+WxMjbbiTOfvHmLsWh2e9jKskRVBseuwwFT5qv+jVH3ADDMXEEcpcnjOfjamhDF37tagMZpdaSqoGtmg2nO/xL+m2W2HQCm9OmucXs45XyR45IMckJKfknFyRa9IhjLySN/JOPipfnudVvbXpqFeZZXbIL3i73wAiuHg=</latexit>

<latexit sha1_base64="kS2ePU7GIAMbttWkwh2wKWUw1Ig="></latexit>

Recall that the optimal policy π∗ is a policy that satisfies π∗ ≥ π for any
(stationary Markov) policy π. This means that

π∗ ← argmax
π∈Π

V π.

Given an optimal policy, the optimal value function would be V π∗
.
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Bellman Equations Bellman Equations for Optimal Value Functions

Bellman Equations for Optimal Value Functions

Does the optimal value function V π∗
satisfy a recursive relation similar to

the Bellman equation for a policy π?
Short answer: Yes!
But we have to be a bit careful. Why?! We have to go through a few
steps of argument.
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Bellman Equations Bellman Equations for Optimal Value Functions

Bellman Equations for Optimal Value Functions

The argument goes through three claims:

1 There exists a unique value function V ∗ that satisfies the following
equation: For any x ∈ X , we have

V ∗(x) = max
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
. (6)

This equation is called the Bellman optimality equation for the value
function.

2 V ∗ is indeed the same as V π∗
, the optimal value function when π is

restricted to be within the space of stationary policies.

3 For discounted continuing MDPs, we can always find a stationary
policy that is optimal within the space of all stationary and
non-stationary policies.

In summary: V ∗ exists and is equal to V π∗
.
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Bellman Equations Bellman Equations for Optimal Value Functions

Bellman Equations for Optimal Value Functions (Q∗)

Optimal action-value function:

Q∗(x, a) = r(x, a) + γ

∫
P(dx′|x, a)max

a′∈A
Q∗(x′, a′). (7)
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Bellman Equations Bellman Equations for Optimal Value Functions

Solutions of the Bellman Equations?

We have defined the Bellman equations for a fixed policy π and the
Bellman optimality equation. Some reasonable questions:

Is there only one solution V π (or Qπ) satisfying (4) and (5)?

Is there only one solution V ∗ (or Q∗) satisfying the Bellman
optimality equations (6) and (7)?

We shall prove that their solutions are unique. We need some tools before
doing so.
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From Optimal Value Function to Optimal Policy through Greedy
Policy

Greedy Policy
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From Optimal Value Function to Optimal Policy through Greedy
Policy

Optimal Policy from the Optimal Value Function

If we know V ∗ or Q∗, we can find an optimal policy π∗.

It is a deterministic policy.

For any x ∈ X , the optimal policy is

π∗(x) = argmax
a∈A

Q∗(x, a)

= argmax
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
.
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From Optimal Value Function to Optimal Policy through Greedy
Policy

Optimal Policy from the Optimal Value Function

π∗(x) = argmax
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
.

Interpretation: Suppose that the agent is at state x. To act optimally,

It needs to act optimality both at the current time step (Now) and in
the Future time steps.

Suppose that we know that the agent is going to act optimally in the
Future. This means that when it get to the next state X ′ ∼ P(·|x, a),

▶ it follows the optimal policy π∗.
▶ The value of following the optimal policy is going to be V ∗(X ′).

(continued ...)
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From Optimal Value Function to Optimal Policy through Greedy
Policy

Optimal Policy from the Optimal Value Function

π∗(x) = argmax
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
.

Interpretation: Suppose that the agent is state x. To act optimally,

...

Since we do not know where the agent will be at the next time step,
the expected performance of acting optimally in the Future is∫
P(dx′|x, a)V ∗(x′).

As we are dealing with discounted tasks, the performance of the agent
at the current state x is going to be r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′).

To act optimally Now, the agent should choose an action that
maximizes this value.
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From Optimal Value Function to Optimal Policy through Greedy
Policy

Greedy Policy

The mapping that selects an action by choosing the maximizer of the
(action-) value function is called the greedy policy.

For Q ∈ B(X ×A), the greedy policy πg : X × B(X ×A)→ A is

πg(x;Q) = argmax
a∈A

Q(x, a).

For V ∈ B(X ), the greedy policy is

πg(x;V ) = argmax
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V (x′)

}
.

We use πg(V ) and πg(Q) to denote the greedy policies based on V
and Q. These are functions from X to A.
The value function of the greedy policy w.r.t. the optimal value
function is the optimal value function: V πg(V ∗) = V πg(Q∗) = V π∗

.

Q: What is the difference between greedy policy and ε-greedy policy?
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From Optimal Value Function to Optimal Policy through Greedy
Policy

Greedy Policy

Intuition behind the greedy policy:

Action selection based on the local information.

Does not look at all of the future possibilities.

Only one step ahead (for V ) or even no-step ahead (for Q) in order to
pick the action. This is myopic.

Given V ∗ or Q∗, however, the selected action is going to be the
optimal one.

This is because the optimal value functions encodes the information
about the future, so we do not need to explicitly consider all possible
futures.
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Bellman Operators

Bellman Operators
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Bellman Operators

Bellman Operators

The Bellman equations can be seen as the fixed point equation of
certain operators known as the Bellman operators.

Let us review what an operator is.

An operator (or mapping) L : Z → Z takes a member of space Z
and returns another member of Z.
▶ If Z = R and L : z 7→ z2. So L(5) = 25 (this is the usual function).
▶ If Z is the space of smooth functions defined on domain R,

L : z 7→ d
dxz, is the differentiation operator. So L(sin(x)) = cos(x).
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Bellman Operators

Bellman Operators

Definition (Bellman Operators for policy π)

Given a policy π : X →M(A), the Bellman operators T π : B(X )→ B(X )
and T π : B(X ×A)→ B(X ×A) are defined as the mappings that take V
(or Q) and return new functions defined for all x ∈ X (for V ) or all
(x, a) ∈ X ×A (for Q):

(T πV )(x) ≜ rπ(x) + γ

∫
P(dx′|x, a)π(da|x)V (x′),

(T πQ)(x, a) ≜ r(x, a) + γ

∫
P(dx′|x, a)π(da′|x′)Q(x′, a′),

31 / 93



Bellman Operators

Bellman Operators

If π is deterministic:

(T πV )(x) ≜ rπ(x) + γ

∫
P(dx′|x, π(x))V (x′),

(T πQ)(x, a) ≜ r(x, a) + γ

∫
P(dx′|x, a)Q(x′, π(x′)).
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Bellman Operators

Bellman Operators – Example

<latexit sha1_base64="x15XaBxzhKvGF4joR334eofU96g=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJLi61jsxWNF+4A2lM1mky7dR9jdiCX0J3jV3+PP8Bd4E6/e3KY52BYHPhhmvoFh/JgSpR3nwyqsrW9sbhW3Szu7e/sH5cphR4lEItxGggrZ86HClHDc1kRT3IslhsynuOuPmzO/+4SlIoI/6kmMPQYjTkKCoDbSw/OwPixXnZqTwV4lbk6qIEdrWLHOBoFACcNcIwqV6rtOrL0USk0QxdPSIFE4hmgMI9w3lEOGlZdmXaf2qVECOxTSHNd2pv5NpJApNWG++WRQj9SyNxP/8/SITRc1GglJjEzQP8ZSWx3eeCnhcaIxR/OyYUJtLezZeHZAJEaaTgyByOQJstEISoi0mbg0yIJpUzAGeaCmZll3ecdV0qnX3Kva5f1FtXGbb1wEx+AEnAMXXIMGuAMt0AYIROAFvII36936tL6s7/lrwcozR2AB1s8v7+2wqQ==</latexit>x2

(T πV )(x) ≜ rπ(x) + γ

∫
P(dx′|x, π(x))V (x′),

Given a vector V = [V1, V2]
⊤, the effect of Bellman operator T π on it is

T πV ≜

[
(T πV )(x1)
(T πV )(x2)

]
=

[
r1
r2

]
+ γ

[
p11 p12
p21 p22

] [
V1

V2

]
Note that this is different from the Bellman equation, but looks similar.
Q: What is the difference? 33 / 93



Bellman Operators

Bellman Operators and Bellman Equation

Recall that

V π(x) = rπ(x) + γ

∫
P(dx′|x, a)π(da|x)V π(x′),

Qπ(x, a) = r(x, a) + γ

∫
P(dx′|x, a)π(da′|x′)Qπ(x′, a′).

Using the Bellman operator T π, we can write them compactly as

V π = T πV π,

Qπ = T πQπ.

This is a compact form of the Bellman equations.
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Bellman Operators

Bellman Optimality Operators

Definition (Bellman Optimality Operators)

The Bellman operators T ∗ : B(X )→ B(X ) and
T ∗ : B(X ×A)→ B(X ×A) are defined as the mapping

(T ∗V )(x) ≜ max
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V (x′)

}
,

(T ∗Q)(x, a) ≜ r(x, a) + γ

∫
P(dx′|x, a)max

a′∈A
Q(x′, a′),

defined for all x ∈ X (for V ) or all (x, a) ∈ X ×A (for Q).
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Bellman Operators

Bellman Optimality Operators and Bellman Optimality
Equations

Comparing the definition of the Bellman optimality operators with the
Bellman equations

V ∗(x) = max
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
,

Q∗(x, a) = r(x, a) + γ

∫
P(dx′|x, a)max

a′∈A
Q∗(x′, a′),

we see that

V ∗ = T ∗V ∗,

Q∗ = T ∗Q∗.
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Properties of the Bellman Operators

Properties of the
Bellman Operators
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Properties of the Bellman Operators

Properties of the Bellman Operators

The Bellman operators have some important properties. The properties
that matters for us the most are

Monotonicity

Contraction

They are used in

basic proofs such as the existence and uniqueness of the solution to
the Bellman equations.

(directly or indirectly) design of many RL/Planning algorithms.
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Properties of the Bellman Operators Monotonicity

Monotonicity

For two functions V1, V2 ∈ B(X ), we use V1 ≤ V2 if and only if
V1(x) ≤ V2(x) for all x ∈ X .

<latexit sha1_base64="XvoABIzbADcjKGhieJUeaLCwoOg=">AAACPXicdVBLS8NAGNzUV62vVo9eFoviqSQi6LHYi8cW7APaUDabTbt0H2F3I5bQX+BVf4+/wx/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05ha3tnd6+4Xzo4PDo+KVdOO1omCpM2lkyqXoA0YVSQtqGGkV6sCOIBI91g0pj73WeiNJXiyUxj4nM0EjSiGBkrtV6G5apbczPAdeLlpApyNIcV52oQSpxwIgxmSOu+58bGT5EyFDMyKw0STWKEJ2hE+pYKxIn206zpDF5aJYSRVPaEgZn6P5EirvWUB/aTIzPWq95c3OSZMZ8ta2wkFbUyxRuMlbYmuvdTKuLEEIEXZaOEQSPhfDoYUkWwYVNLELZ5iiEeI4WwsQOXBlkwbUjOkQj1zC7rre64Tjo3Nc+tea3bav0h37gIzsEFuAYeuAN18AiaoA0wIOAVvIF358P5cr6dn8VrwckzZ2AJzu8flPKv+g==</latexit>

<latexit sha1_base64="Wdb3C8OMZNxjbGCLrCvxlKaTMEs=">AAACQHicdVBLS8NAGNz4rPXV6tFLsCj1UhIR9FjsxWMF+4A2lM1m0yzdR9jdiCXkL3jV3+O/8B94E6+e3KY52JYOfDDMfAPD+DElSjvOp7WxubW9s1vaK+8fHB4dV6onXSUSiXAHCSpk34cKU8JxRxNNcT+WGDKf4p4/ac383jOWigj+pKcx9hgccxISBPVM6tZfrkaVmtNwctirxC1IDRRoj6rW5TAQKGGYa0ShUgPXibWXQqkJojgrDxOFY4gmcIwHhnLIsPLSvGxmXxglsEMhzXFt5+r/RAqZUlPmm08GdaSWvZm4ztMRyxY1OhaSGJmgNcZSWx3eeSnhcaIxR/OyYUJtLezZenZAJEaaTg2ByOQJslEEJUTabFwe5sG0JRiDPFCZWdZd3nGVdK8brtNwH29qzfti4xI4A+egDlxwC5rgAbRBByAQgVfwBt6tD+vL+rZ+5q8bVpE5BQuwfv8AOxqwvw==</latexit>

<latexit sha1_base64="5e4P/2KTFd7zuCBHO8kuvMERkbo=">AAACU3icdVDLSgNBEJxdo8b4ioonL4tB8RR2RdCjmIvHCOYBSQizk04yOI9lplcMy36MV/0eD36LFyebHDRiwUBR1dXTVJwIbjEMPz1/rbS+sVneqmzv7O7tVw8O21anhkGLaaFNN6YWBFfQQo4CuokBKmMBnfipMfc7z2As1+oRZwkMJJ0oPuaMopOG1eM+wgsWe7JYpJBn7WGUD6u1sB4WCP6SaElqZInm8MA77480SyUoZIJa24vCBAcZNciZgLzSTy0klD3RCfQcVVSCHWTFv3lw5pRRMNbGPYVBof5MZFRaO5Oxm5QUp3bVm4v/eTiV+W9NTLThTubsH2PlWhzfDDKukhRBscWx41QEqIN5ocGIG2AoZo5Q5vKcBWxKDWXoaq/0i2DW0FJSNbLzZqPVHv+S9mU9CuvRw1Xt9m7ZcZmckFNyQSJyTW7JPWmSFmEkI6/kjbx7H96X7/ulxajvLTNH5Bf83W9gabY8</latexit>

<latexit sha1_base64="yrjupFw6nYEkxWnJfEHMhZhTOGE=">AAACVHicdVDLSgNBEJzd+IyvRMGLl8WgeAq7QdBjMBePCiYRTAizk04yOI9lplcM6/6MV/0ewX/x4GTNQRMsGCiqunqaihPBLYbhp+eXVlbX1jc2y1vbO7t7lep+x+rUMGgzLbS5j6kFwRW0kaOA+8QAlbGAbvzYmvndJzCWa3WH0wT6ko4VH3FG0UmDymEP4RmLPdnYAKg86wwa+aBSC+thgWCZRHNSI3PcDKreaW+oWSpBIRPU2ocoTLCfUYOcCcjLvdRCQtkjHcODo4pKsP2s+DgPTpwyDEbauKcwKNTfiYxKa6cydpOS4sQuejPxPw8nMv+ribE23Mmc/WMsXIujy37GVZIiKPZz7CgVAepg1mgw5AYYiqkjlLk8ZwGbUEMZut7LvSKYtbSUVA3trNloscdl0mnUo7Ae3Z7XmlfzjjfIETkmZyQiF6RJrskNaRNGXsgreSPv3of35Zf81Z9R35tnDsgf+LvfUrK2sA==</latexit>

<latexit sha1_base64="lMtSP0ZJCUNdmZrNJOwnTqTtw9E=">AAACUnicdVLLSgMxFM3Ud33Vx87NYFFclRkVdCm6cVnBtoItJZO5bUPzGJI7Yh3mX9zq97jxV1yZTruwlR4IHM65J7kcEiWCWwyCb6+0tLyyura+Ud7c2t7ZreztN61ODYMG00Kbp4haEFxBAzkKeEoMUBkJaEXDu7HfegFjuVaPOEqgI2lf8R5nFJ3UrRy2EV6xuCczEOdZs3uRdyvVoBYU8P+TcEqqZIp6d887bceapRIUMkGtfQ6DBDsZNciZgLzcTi0klA1pH54dVVSC7WTFs7l/4pTY72njjkK/UP8mMiqtHcnITUqKAzvvjcVFHg5kPquJvjbcyZwtMOa2xd51J+MqSREUmyzbS4WP2h/36cfcAEMxcoQyl+fMZwNqKEPXerldBLM7LSVVsR03G873+J80z2thUAsfLqs3t9OO18kROSZnJCRX5IbckzppEEbeyDv5IJ/el/dTcr9kMlryppkDMoPS1i9suLXH</latexit>

V3 ≤ V1 and V3 ≤ V2,

Neither V2 ≤ V1, nor V1 ≤ V2.
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Properties of the Bellman Operators Monotonicity

Monotonicity

Lemma (Monotonicity)

Fix a policy π. If V1, V2 ∈ B(X ), and V1 ≤ V2, then we have

T πV1 ≤ T πV2,

T ∗V1 ≤ T ∗V2.

<latexit sha1_base64="XvoABIzbADcjKGhieJUeaLCwoOg=">AAACPXicdVBLS8NAGNzUV62vVo9eFoviqSQi6LHYi8cW7APaUDabTbt0H2F3I5bQX+BVf4+/wx/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05ha3tnd6+4Xzo4PDo+KVdOO1omCpM2lkyqXoA0YVSQtqGGkV6sCOIBI91g0pj73WeiNJXiyUxj4nM0EjSiGBkrtV6G5apbczPAdeLlpApyNIcV52oQSpxwIgxmSOu+58bGT5EyFDMyKw0STWKEJ2hE+pYKxIn206zpDF5aJYSRVPaEgZn6P5EirvWUB/aTIzPWq95c3OSZMZ8ta2wkFbUyxRuMlbYmuvdTKuLEEIEXZaOEQSPhfDoYUkWwYVNLELZ5iiEeI4WwsQOXBlkwbUjOkQj1zC7rre64Tjo3Nc+tea3bav0h37gIzsEFuAYeuAN18AiaoA0wIOAVvIF358P5cr6dn8VrwckzZ2AJzu8flPKv+g==</latexit>

<latexit sha1_base64="Wdb3C8OMZNxjbGCLrCvxlKaTMEs=">AAACQHicdVBLS8NAGNz4rPXV6tFLsCj1UhIR9FjsxWMF+4A2lM1m0yzdR9jdiCXkL3jV3+O/8B94E6+e3KY52JYOfDDMfAPD+DElSjvOp7WxubW9s1vaK+8fHB4dV6onXSUSiXAHCSpk34cKU8JxRxNNcT+WGDKf4p4/ac383jOWigj+pKcx9hgccxISBPVM6tZfrkaVmtNwctirxC1IDRRoj6rW5TAQKGGYa0ShUgPXibWXQqkJojgrDxOFY4gmcIwHhnLIsPLSvGxmXxglsEMhzXFt5+r/RAqZUlPmm08GdaSWvZm4ztMRyxY1OhaSGJmgNcZSWx3eeSnhcaIxR/OyYUJtLezZenZAJEaaTg2ByOQJslEEJUTabFwe5sG0JRiDPFCZWdZd3nGVdK8brtNwH29qzfti4xI4A+egDlxwC5rgAbRBByAQgVfwBt6tD+vL+rZ+5q8bVpE5BQuwfv8AOxqwvw==</latexit>

<latexit sha1_base64="Y12tWBbHnoveBBQuIeAAPpB0T3Q="></latexit>

<latexit sha1_base64="RK8q5Ds4IbnmukiPw/hYIEwHA4w="></latexit>

<latexit sha1_base64="OSYP5snJWWn+lqh1cqRN0jzXSGM="></latexit>

<latexit sha1_base64="B91CTpPF1cwe1topHDMBJ6FOLAI="></latexit>

<latexit sha1_base64="YzVMStEPYZCKcOm52a2Gx4US3vk=">AAACaHicdVBdSwJBFB23b/vSIiJ6WZKgJ9mNoKAXqZceDdIEFZkdrzo0H8vM3VCW/TG91i/qL/QrGlcfUunAwOGce+ZeThQLbjEIvgve2vrG5tb2TnF3b//gsFQ+alqdGAYNpoU2rYhaEFxBAzkKaMUGqIwEvEZvj1P/9R2M5Vq94CSGrqRDxQecUXRSr3TSQRhj/k8aiQSytNkLs16pElSDHP4qCeekQuao98qF+05fs0SCQiaote0wiLGbUoOcCciKncRCTNkbHULbUUUl2G6a7838S6f0/YE27in0c/VvIqXS2omM3KSkOLLL3lT8z8ORzBY1MdSGO5mzf4yla3Fw1025ihMExWbHDhLho/anhfp9boChmDhCmctz5rMRNZShq73YyYPpo5aSqr7Nigsrx7MCXN3hcrmrpHldDYNq+HxTqT3Mi98m5+SCXJGQ3JIaeSJ10iCMpOSDfJKvwo9X8k69s9moV5hnjskCvItfU3S90w==</latexit>

<latexit sha1_base64="UhvZ4SfH/voPQ1RlV7DaH/BHBaY=">AAACQXicdVDNSgJRGL1jf2Z/Wss2Q1K0kpkIaim5aWmgJuggd+7c0Yv3Z7j3m0AGn6FtPU9P0SO0i7Ztuo4uUvHAB4dzvgOHEyacGfC8T6ewtb2zu1fcLx0cHh2flCunHaNSTWibKK50N8SGciZpGxhw2k00xSLk9DkcN2b+8wvVhinZgklCA4GHksWMYLBSu99SCQzKVa/m5XDXib8gVbRAc1BxrvqRIqmgEgjHxvR8L4EgwxoY4XRa6qeGJpiM8ZD2LJVYUBNkedupe2mVyI2VtifBzdX/iQwLYyYitJ8Cw8isejNxkwcjMV3W+FBpZmVGNhgrbSG+DzImkxSoJPOyccpdUO5sPjdimhLgE0swsXlGXDLCGhOwI5f6eTBrKCGwjMzULuuv7rhOOjc136v5T7fV+sNi4yI6RxfoGvnoDtXRI2qiNiKIoVf0ht6dD+fL+XZ+5q8FZ5E5Q0twfv8AB6uxrQ==</latexit>

<latexit sha1_base64="UhvZ4SfH/voPQ1RlV7DaH/BHBaY=">AAACQXicdVDNSgJRGL1jf2Z/Wss2Q1K0kpkIaim5aWmgJuggd+7c0Yv3Z7j3m0AGn6FtPU9P0SO0i7Ztuo4uUvHAB4dzvgOHEyacGfC8T6ewtb2zu1fcLx0cHh2flCunHaNSTWibKK50N8SGciZpGxhw2k00xSLk9DkcN2b+8wvVhinZgklCA4GHksWMYLBSu99SCQzKVa/m5XDXib8gVbRAc1BxrvqRIqmgEgjHxvR8L4EgwxoY4XRa6qeGJpiM8ZD2LJVYUBNkedupe2mVyI2VtifBzdX/iQwLYyYitJ8Cw8isejNxkwcjMV3W+FBpZmVGNhgrbSG+DzImkxSoJPOyccpdUO5sPjdimhLgE0swsXlGXDLCGhOwI5f6eTBrKCGwjMzULuuv7rhOOjc136v5T7fV+sNi4yI6RxfoGvnoDtXRI2qiNiKIoVf0ht6dD+fL+XZ+5q8FZ5E5Q0twfv8AB6uxrQ==</latexit>
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Properties of the Bellman Operators Monotonicity

Monotonicity (Proof)

We only prove the first claim. Let us expand T πV1. As V1(x
′) ≤ V2(x

′) for
any x′ ∈ X , we get that for any x ∈ X ,

(T πV1)(x) = rπ(x) + γ

∫
Pπ(dx′|x) V1(x

′)︸ ︷︷ ︸
≤V2(x′)

≤ rπ(x) + γ

∫
Pπ(dx′|x)V2(x

′) = (T πV2)(x).

Therefore, T πV1 ≤ T πV2.

Tips and Tricks

Sometimes expanding the definition of the Bellman operator is all
that you need to get started in the proof.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Contraction Mapping and Banach Fixed Point Theorem

Another important property of the Bellman operators is their contraction
property.
What does that mean?
Let us review some mathematical background before proving that the
Bellman operators are contraction. We quote several results from Hunter
and Nachtergaele [2001].
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Metric

Definition (Metric)

A metric or a distance function on Z is a function d : Z × Z → R with
the following properties:

d(x, y) ≥ 0 for all x, y ∈ Z; and d(x, y) = 0 if and only if x = y.

d(x, y) = d(y, x) for all x, y ∈ Z (symmetry).

d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ Z (triangle inequality).

A metric space (Z, d) is a set Z equipped with a metric d.

Example

Let Z = R and d(x, y) = |x− y|. These together define a metric space
(R, d).
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Norm

Definition (Norm)

A norm on a linear space Z is a function ∥·∥ : Z → R with the following
properties:

(non-negative) For all x ∈ Z, ∥x∥ ≥ 0.

(homogenous) For all x ∈ Z and λ ∈ R, ∥λx∥ = |λ| ∥x∥.
(triangle inequality) For all x, y ∈ Z, ∥x+ y∥ ≤ ∥x∥+ ∥y∥.
(strictly positive) If for a x ∈ Z, we have that ∥x∥ = 0, it implies that
x = 0.

Remark

We can use a norm to define a distance between two points in a linear
space Z by defining d(x, y) = ∥x− y∥. This gives us a metric space
(Z, d).
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Norm

Example

Let Z = Rd (d ≥ 1). The following norms are often used:

∥x∥p =
p

√√√√ d∑
i=1

|xi|p, 1 ≤ p <∞,

∥x∥∞ = max
i=1,...,d

|xi|.

These are the ℓp-norms.

Question: What is the ℓ1, ℓ2, and ℓ∞ norms of the vector x = (−1, 3,−2)?
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Norm

Example

Consider the space of continuous functions with domain [0, 1]. It is
denoted by C([0, 1]). This plays the rule of Z. We define the following
norm for a function f ∈ C([0, 1]):

∥f∥∞ = sup
x∈[0,1]

|f(x)|.

This is called the supremum or uniform norm. Given this norm,
(C([0, 1]), ∥·∥∞) would be a normed linear space.

Question: What are the supremum norms of the following functions
defined over [0, 1]:

fk(x) = sin(2πkx) with k ∈ {1, 2, . . . }
fc(x) = cx with c ∈ R
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Norm

For V ∈ B(X ) and Q ∈ B(X ×A), their supremum norms are

∥V ∥∞ = sup
x∈X
|V (x)|,

∥Q∥∞ = sup
(x,a)∈X×A

|Q(x, a)|,

This is simply the maximum value of the value function V or action-value
function Q over the state or state-action spaces.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Contraction Mapping

Definition (Contraction Mapping)

Let (Z, d) be a metric space. A mapping L : Z → Z is a contraction
mapping (or contraction) if there exists a constant 0 ≤ a < 1 such that for
all z1, z2 ∈ Z, we have

d(L(z1), L(z2)) ≤ ad(z1, z2).

<latexit sha1_base64="CC2xat6cjrq+c+LEHFr2XsSPR5Y=">AAACQXicdVBLSwMxGEzqq9ZXq0cvwaJ4Krsi6LHYiwcPFewD2lKy2WwbmseSZIW69Dd41d/jr/AneBOvXky3PdiWDnwwzHwDwwQxZ8Z63ifMbWxube/kdwt7+weHR8XScdOoRBPaIIor3Q6woZxJ2rDMctqONcUi4LQVjGpTv/VMtWFKPtlxTHsCDySLGMHWSY0H9NL3+8WyV/EyoFXiz0kZzFHvl+BFN1QkEVRawrExHd+LbS/F2jLC6aTQTQyNMRnhAe04KrGgppdmbSfo3CkhipR2Jy3K1P+JFAtjxiJwnwLboVn2puI6zw7FZFHjA6WZkxlZYyy1tdFtL2UyTiyVZFY2SjiyCk3nQyHTlFg+dgQTl2cEkSHWmFg3cqGbBdOaEgLL0Ezcsv7yjqukeVXxvYr/eF2u3s03zoNTcAYugQ9uQBXcgzpoAAIYeAVv4B1+wC/4DX9mrzk4z5yABcDfPwJAsSA=</latexit>

<latexit sha1_base64="ygkUduiSujA+MCxh2be9RiMEV50=">AAACQXicdVBLSwMxGEx81vpq9eglWBRPZbcIeiz24sFDBfuAtpRsNtuG5rEkWaEu/Q1e9ff4K/wJ3sSrF9NtD7alAx8MM9/AMEHMmbGe9wk3Nre2d3Zze/n9g8Oj40LxpGlUogltEMWVbgfYUM4kbVhmOW3HmmIRcNoKRrWp33qm2jAln+w4pj2BB5JFjGDrpMYDeulX+oWSV/YyoFXiz0kJzFHvF+FlN1QkEVRawrExHd+LbS/F2jLC6STfTQyNMRnhAe04KrGgppdmbSfowikhipR2Jy3K1P+JFAtjxiJwnwLboVn2puI6zw7FZFHjA6WZkxlZYyy1tdFtL2UyTiyVZFY2SjiyCk3nQyHTlFg+dgQTl2cEkSHWmFg3cr6bBdOaEgLL0Ezcsv7yjqukWSn7Xtl/vC5V7+Yb58AZOAdXwAc3oAruQR00AAEMvII38A4/4Bf8hj+z1w04z5yCBcDfPwQZsSE=</latexit>

<latexit sha1_base64="PhrH9G8gw8B6NoMkzviAXHYcFIQ=">AAACPXicdVBLS8NAGNzUV62vVo9eFoviqSQi6LHYiwcPLdgHtKFsNtt26T7C7kYoIb/Aq/4ef4c/wJt49eo2zcG2dOCDYeYbGCaIGNXGdT+dwtb2zu5ecb90cHh0fFKunHa0jBUmbSyZVL0AacKoIG1DDSO9SBHEA0a6wbQx97svRGkqxbOZRcTnaCzoiGJkrNR6Gparbs3NANeJl5MqyNEcVpyrQShxzIkwmCGt+54bGT9BylDMSFoaxJpECE/RmPQtFYgT7SdZ0xReWiWEI6nsCQMz9X8iQVzrGQ/sJ0dmole9ubjJMxOeLmtsLBW1MsUbjJW2ZnTvJ1REsSECL8qOYgaNhPPpYEgVwYbNLEHY5imGeIIUwsYOXBpkwaQhOUci1Kld1lvdcZ10bmqeW/Nat9X6Q75xEZyDC3ANPHAH6uARNEEbYEDAK3gD786H8+V8Oz+L14KTZ87AEpzfP0Omr84=</latexit>

<latexit sha1_base64="6lBybHOHoAxG0TjT/b6ZyK4I68g=">AAACR3icdVBbSwJBGJ21m9lN67GXISkMQnYlqEfJlx4N8gK6LLOzow7OZZmZDXTxZ/Rav6ef0K/oLXps1H1IwwMfHM75DhxOGDOqjet+Ormt7Z3dvfx+4eDw6PikWDpta5koTFpYMqm6IdKEUUFahhpGurEiiIeMdMJxY+53XojSVIpnM4mJz9FQ0AHFyFipF1WmgXcDp0HtOiiW3aq7APxPvIyUQYZmUHKu+pHECSfCYIa07nlubPwUKUMxI7NCP9EkRniMhqRnqUCcaD9ddJ7BS6tEcCCVPWHgQv2bSBHXesJD+8mRGel1by5u8syIz1Y1NpSKWpniDcZaWzO491Mq4sQQgZdlBwmDRsL5iDCiimDDJpYgbPMUQzxCCmFjpy70F8G0ITlHItIzu6y3vuN/0q5VPbfqPd2W6w/ZxnlwDi5ABXjgDtTBI2iCFsBAglfwBt6dD+fL+XZ+lq85J8ucgRXknF/vabH9</latexit>
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Contraction Mapping

Example

Let Z = R and d(z1, z2) = |z1 − z2|. Consider the mapping L : z 7→ az for
a ∈ R.
For any z1, z2 ∈ R, we have

d(L(z1), L(z2)) = |L(z1)− L(z2)| = |az1 − az2|
= |a||z1 − z2| = |a|d(z1, z2).

So if |a| < 1, this is a contraction mapping.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Why Do We Care About Contraction Mapping?

Some reasons:

It describes the stability behaviour of a dynamical system.1

▶ Stability is related to the uniqueness of where the dynamical system
converges.

The contraction property can be used to show the uniqueness of
solution of certain equations.

The contraction property can sometimes be used when solving
equations.

1There are several notions of stability used in control theory.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Why Do We Care About Contraction Mapping?

As an example of its relation to stability, let z0 ∈ Z and consider a
mapping L : z 7→ az for some a ∈ R. Define the dynamical system

zk+1 = Lzk, k = 0, 1, . . . .

The dynamical system described by this mapping generates

z0

z1 = az0

z2 = az1 = a2z0
...

zk = azk−1 = akz0.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Why Do We Care About Contraction Mapping?

zk = akz0.

If |a| < 1, zk converges to zero, no matter what z0 is.

If a = 1, we have zk = z0. So depending on z0, it converges to
different points.

For a = −1, the sequence would oscillate between +z0 and −z0.
If |a| > 1, the sequence diverges (unless z0 = 0).

Remark

The sequence is convergent whenever L is a contraction map.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Why Do We Care About Contraction Mapping?

Definition (Fixed Point)

If L : Z → Z, then a point z ∈ Z such that

Lz = z

is called a fixed point of L.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Why Do We Care About Contraction Mapping?

The concept of fixed point and the solution of an equation is closely
related.
Given an equation f(z) = 0, we can convert it to a fixed point equation
Lz = z by defining

L : z 7→ f(z) + z.

Then, if Lz∗ = z∗ for a z∗, we get that f(z∗) = 0, i.e., the fixed point of
L is the same as the solution of f(z) = 0.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Banach Fixed Point Theorem

Theorem (Banach Fixed Point Theorem)

If L : Z → Z is a contraction mapping on a complete metric space (Z, d),
then there exists a unique z∗ ∈ Z such that Lz∗ = z∗.
Furthermore, the point z∗ can be found by choosing an arbitrary z0 ∈ Z
and defining zk+1 = Lzk. We have zk → z∗.
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Properties of the Bellman Operators Review of Contraction Mapping and Its Properties

Simple Exercise

Exercise

Suppose that we want to solve cz + b = 0 for z ∈ R and constants
c, b ∈ R.

Choose a mapping L : R→ R such that its fixed point is the same as
the solution of this equation.

For what range of c is this mapping a contraction?

Let c = −0.5 and b = 1. If we start from z0 = 0, what is the
sequence of z0, z1, z2 that we obtain by computing zk+1 = Lzk?
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Properties of the Bellman Operators Contraction

Bellman Operator is a Contraction

Lemma (Contraction)

For any π, the Bellman operator T π is a γ-contraction mapping. The
Bellman optimality operator T ∗ is a γ-contraction mapping.

They are specifically γ-contraction w.r.t. the metric d defined based on the
supremum norm: d(V1, V2) = ∥V1 − V2∥∞ (and similar for Q). We have

∥TV1 − TV2∥∞ ≤ γ ∥V1 − V2∥∞ ,

∥TQ1 − TQ2∥∞ ≤ γ ∥Q1 −Q2∥∞ .
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Properties of the Bellman Operators Contraction

Bellman Operator is a Contraction (Proof)

We only show it for the Bellman operator T π : B(X ×A)→ B(X ×A).
Consider two action-value functions Q1, Q2 ∈ B(X ×A).
Consider the metric d(Q1, Q2) = ∥Q1 −Q2∥∞.
We show the contraction w.r.t. this metric.
For any (x, a) ∈ X ×A, we have

|(T πQ1)(x, a)− (T πQ2)(x, a)| =∣∣∣∣∣
[
r(x, a) + γ

∫
P(dx′|x, a)π(da′|x′)Q1(x

′, a′)

]
−

[
r(x, a) + γ

∫
P(dx′|x, a)π(da′|x′)Q2(x

′, a′)

] ∣∣∣∣∣
= γ

∣∣∣∣∫ P(dx′|x, a)π(da′|x′) (Q1(x
′, a′)−Q2(x

′, a′)
)∣∣∣∣ .
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Properties of the Bellman Operators Contraction

Bellman Operator is a Contraction (Proof)

Let us upper bound the right-hand side (RHS).
We have an integral of the form

∣∣∫ P (dx)f(x)
∣∣ (or a summation

|
∑

x P (x)f(x)| for a countable state space). This can be upper bounded
as ∣∣∣∣∫ P (dx)f(x)

∣∣∣∣ ≤ ∫
|P (dx)f(x)| =

∫
|P (dx)|.|f(x)|

≤
∫

P (dx). sup
x∈X
|f(x)|

= sup
x∈X
|f(x)|

∫
P (dx) = ∥f∥∞ ,

where we used
∫
P (dx) = 1.
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Properties of the Bellman Operators Contraction

Bellman Operator is a Contraction (Proof)

In our case, we get that

|(T πQ1)(x, a)− (T πQ2)(x, a)| =

γ

∣∣∣∣∫ P(dx′|x, a)π(da′|x′) (Q1(x
′, a′)−Q2(x

′, a′)
)∣∣∣∣

≤ γ

∫
P(dx′|x, a)π(da′|x′)

∣∣Q1(x
′, a′)−Q2(x

′, a′)
∣∣

≤ γ ∥Q1 −Q2∥∞
∫
P(dx′|x, a)π(da′|x′)

= γ ∥Q1 −Q2∥∞ .

This inequality holds for any (x, a) ∈ X ×A, so it holds for its supremum
over X ×A too, i.e.,

∥(T πQ1)− (T πQ2)∥∞ ≤ γ ∥Q1 −Q2∥∞ .

This shows that T π is a γ-contraction.
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Properties of the Bellman Operators Contraction

Bellman Operator is a Contraction (Proof) - Discussion

Tips and Tricks

A commonly used proof and analysis strategy when we have terms in
the form of TQ1−TQ2 (or similar with V ) is to get rid of the common
terms (r) and try to move Q1 and Q2 close together. Depending on
the application, we may use some form of upper bounding. Some
commonly used inequalities are summarized in an appendix of the
textbook.
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Consequences of Monotonicity and Contraction

Consequences of Monotonicity
and Contraction
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Consequences of Monotonicity and Contraction

Consequences of Monotonicity and Contraction

Bellman operators are

Monotonic

γ-contraction

Several consequences:

Bellman equations have unique fixed points.

Error bounds on the difference between V and V ∗ when V ≈ T ∗V .

V ∗ is the optimal value function V π∗
.

An optimal policy belongs within the space of stationary policies.

63 / 93



Consequences of Monotonicity and Contraction Uniqueness of Fixed Points

Uniqueness of Fixed Points

Proposition (Uniqueness of Fixed Points)

The operators T π and T ∗ have unique fixed points, denoted by V π and
V ∗, i.e.,

V π = T πV π,

V ∗ = T ∗V ∗.

They can be computed from any V0 ∈ B(X ) by iteratively computing
Vk+1 ← T ∗Vk (and similar for V π using T π instead) for k = 0, 1, . . . . We
have that Vk → V ∗ (and similarly, Vk → V π).

The same result is true for Qπ and Q∗.
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Consequences of Monotonicity and Contraction Uniqueness of Fixed Points

Uniqueness of Fixed Points (Proof)

Consider the space of bounded functions B(X ) with the metric d
based on the uniform norm, i.e., d(V1, V2) = ∥V1 − V2∥∞. The space
(B(X ), d) is a complete metric space.

For any π, the operator T π is a γ-contraction. Likewise, T ∗ has the
same property too (Lemma 13).

By the Banach fixed point theorem (Theorem 12), they have a unique
fixed point. Moreover, any sequence (Vk) with V0 ∈ B(X ) and
Vk+1 ← T πVk (k = 0, 1, . . . ) is convergent, which means that
limk→∞ ∥Vk − V π∥∞ = 0.
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Consequences of Monotonicity and Contraction Uniqueness of Fixed Points

Value of the Greedy Policy of V ∗ is V ∗

Proposition

We have T πV ∗ = T ∗V ∗ if and only if V π = V ∗.
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Consequences of Monotonicity and Contraction Uniqueness of Fixed Points

Value of the Greedy Policy of V ∗ is V ∗ (Proof) (†)

Proof of T πV ∗ = T ∗V ∗ =⇒ V π = V ∗:
Assume that T πV ∗ = T ∗V ∗.
As V ∗ is the solution of the Bellman optimality equation, we have
T ∗V ∗ = V ∗. Therefore,

T πV ∗ = T ∗V ∗ = V ∗.

This shows that V ∗ is a fixed point of T π.
The fixed point of T π, however, is unique (Proposition 14) and is equal to
V π.
So V π and V ∗ should be the same, i.e., V π = V ∗.
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Consequences of Monotonicity and Contraction Uniqueness of Fixed Points

Value of the Greedy Policy of V ∗ is V ∗ (Proof) (†)

Proof of V π = V ∗ =⇒ T πV ∗ = T ∗V ∗:
We apply T π to both sides of V ∗ = V π to get

T πV ∗ = T πV π.

As V π is the solution of the Bellman equation for policy π, we have
T πV π = V π. Therefore,

T πV ∗ = T πV π = V π.

By assumption, V π = V ∗. So we have T πV ∗ = V π = V ∗.
On the other hand, we have V ∗ = T ∗V ∗, so

T πV ∗ = V ∗ = T ∗V ∗,

which is the desired result.

68 / 93



Consequences of Monotonicity and Contraction Uniqueness of Fixed Points

Value of the Greedy Policy of V ∗ is V ∗

Discussion:

If T πV ∗ = T ∗V ∗ for some policy π, the value function V π of that
policy is the same as the fixed point of T ∗, which is V ∗.

We have not yet shown that the fixed point of T ∗ is an optimal value
function, in the sense that it is

π∗ ← argmax
π∈Π

V π(x) (for all x ∈ X )

over the space of all stationary policies Π (or even more generally,
over the set of all non-stationary policies)

But it is indeed true!
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Consequences of Monotonicity and Contraction Uniqueness of Fixed Points

Value of the Greedy Policy of V ∗ is V ∗

To see the connection to the greedy policy:

Given V ∗, the greedy policy selects
πg(x;V

∗) = argmaxa∈A
{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
.

So T πg(V ∗)V ∗ = maxa∈A
{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
Compare with T ∗V ∗, i.e.,
(T ∗V ∗)(x) = maxa∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
.

So T πg(V ∗)V ∗ = T ∗V ∗.

This proposition states that the value of following πg(V
∗), that is

V πg(V ∗), is the same as V ∗.

If we find V ∗ and its greedy policy πg(V
∗), the value of following the

greedy is V ∗.

Practical Consequence: To find an optimal policy, we can find V ∗

first and then follow its greedy policy πg(V
∗). This is the basis of

many Planning and RL algorithms.
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Consequences of Monotonicity and Contraction Error Bounds

What if V ≈ T ∗V ?

If we find a V such that V = T ∗V , we know that V = V ∗ (similar for
T π and Q).

What if V ≈ T ∗V ? What can be said about the closeness of V to
V ∗?

Practically important, because we often can only solve the Bellman
equations approximately, because of various sources of errors
▶ Computational
▶ Function Approximation
▶ Statistical
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Consequences of Monotonicity and Contraction Error Bounds

An Error Bound based on the Bellman Error

Proposition

For any V ∈ B(X ) or Q ∈ B(X ×A), we have

∥V − V ∗∥∞ ≤
∥V − T ∗V ∥∞

1− γ
, ∥Q−Q∗∥∞ ≤

∥Q− T ∗Q∥∞
1− γ

.

The quantity BR(V ) ≜ T πV − V and BR∗(V ) ≜ T ∗V − V are called
Bellman Residuals.
Their norms are called Bellman Errors.
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Consequences of Monotonicity and Contraction Error Bounds

An Error Bound based on the Bellman Error (Proof)

We want to upper bound ∥V − V ∗∥∞.
We start from V − V ∗, and add and subtract T ∗V to V − V ∗.
We then take the supremum norm, and use the triangle inequality to get

V − V ∗ = V − T ∗V + T ∗V − V ∗

⇒ ∥V − V ∗∥∞ = ∥V − T ∗V + T ∗V − V ∗∥∞
≤ ∥V − T ∗V ∥∞ + ∥T ∗V − V ∗∥∞ .
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Consequences of Monotonicity and Contraction Error Bounds

An Error Bound based on the Bellman Error (Proof)

Let us focus on the term ∥T ∗V − V ∗∥∞. Two observations:

V ∗ = T ∗V ∗.

The Bellman optimality operator is a γ-contraction w.r.t. the
supremum norm.

Thus,

∥T ∗V − V ∗∥∞ = ∥T ∗V − T ∗V ∗∥∞ ≤ γ ∥V − V ∗∥∞ .

Therefore,

∥V − V ∗∥∞ ≤ ∥V − T ∗V ∥∞ + γ ∥V − V ∗∥∞ .

Re-arranging this, we get

(1− γ) ∥V − V ∗∥∞ ≤ ∥V − T ∗V ∥∞ .

74 / 93



Consequences of Monotonicity and Contraction Error Bounds

An Error Bound based on the Bellman Error (for policy π)

Proposition

For any V ∈ B(X ) or Q ∈ B(X ×A), and any π ∈ Π, we have

∥V − V π∥∞ ≤
∥V − T πV ∥∞

1− γ
, ∥Q−Qπ∥∞ ≤

∥Q− T πQ∥∞
1− γ

.
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Consequences of Monotonicity and Contraction Error Bounds

An Error Bound based on the Bellman Error (Proof) -
Discussion

Tips and Tricks

Three high-level ideas are used in this proof that sometimes appear
in the proof of these kinds of upper bounds involving value functions
and the Bellman operator.

Adding and subtracting equal terms (±T ∗V in this proof) in
order to get terms in familiar or intended form (T ∗V −V here).

Benefitting from the fixed-point property of the Bellman
operator. We convert T ∗V − V ∗, not “balanced” in terms of
the application of the Bellman operator, to T ∗V − T ∗V ∗,
which is balanced.

Benefitting from the contraction property of the Bellman
operator, as we have T ∗V − T ∗V ∗.
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗

The fixed point of T ∗ is indeed the optimal value function within the space
of stationary policies Π.
We use the monotonicity of T ∗, in addition to contraction, to prove it.
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗

Proposition

Let V ∗ be the fixed point of T ∗, i.e., V ∗ = T ∗V ∗. We have

V ∗(x) = sup
π∈Π

V π(x), ∀x ∈ X .

Recall that Π is the space of stationary Markov policies.
We skip the proof! You can read it in the Foundations of Reinforcement
Learning [Farahmand, 2025].
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗
(Proof) (†)

Overview:

We show that V ∗(x) ≤ supπ∈Π V π(x).

We show that supπ∈Π V π(x) ≤ V ∗(x).

Combined, they show that V ∗(x) = supπ∈Π V π(x).
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗
(Proof) (†)

Proof of V ∗(x) ≤ supπ∈Π V π(x):
From the error bound result (Proposition 17) with the choice of V = V ∗,
we get that for any π ∈ Π,

∥V ∗ − V π∥∞ ≤
∥V ∗ − T πV ∗∥∞

1− γ
. (8)

Let ε > 0. Choose a policy πε such that

∥V ∗ − T πεV ∗∥∞ ≤ (1− γ)ε.

This is possible because we have

(T ∗V ∗)(x) = sup
a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V ∗(x′)

}
,

so it is sufficient to pick a πε that solves the optimization problem up to
(1− γ)ε-accuracy of the supremum at each state x (if we find the
maximizer, then ε = 0).
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗
(Proof) (†)

Proof of V ∗(x) ≤ supπ∈Π V π(x) (Continued):
For policy πε, (8) shows that

∥V ∗ − V πε∥∞ ≤ ε.

This means that

V ∗(x) ≤ V πε(x) + ε, ∀x ∈ X .

Notice that V πε(x) ≤ supπ∈Π V π(x) (as πε ∈ Π). We take ε→ 0 to get
that for all x ∈ X ,

V ∗(x) ≤ lim
ε→0
{V πε(x) + ε} ≤ lim

ε→0

{
sup
π∈Π

V π(x) + ε

}
= sup

π∈Π
V π(x). (9)

This shows that V ∗, the fixed point of T ∗, is smaller or equal to the
optimal value function within the space of stationary policies.
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗
(Proof) (†)

Proof of supπ∈Π V π(x) ≤ V ∗(x):
Consider any π ∈ Π. By the definition of T π and T ∗, for any V ∈ B(X ),
we have that for any x ∈ X ,

(T πV )(x) =

∫
π(da|x)

[
r(x, a) + γ

∫
P(dx′|x, a)V (x′)

]
≤ sup

a∈A

{
r(x, a) + γ

∫
P(dx′|x, a)V (x′)

}
= (T ∗V )(x).

In particular, with the choice of V = V ∗, we have

T πV ∗ ≤ T ∗V ∗.
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗
(Proof) (†)

Proof of supπ∈Π V π(x) ≤ V ∗(x) (Continued):

T πV ∗ ≤ T ∗V ∗.

As T ∗V ∗ = V ∗, we have

T πV ∗ ≤ V ∗. (10)

We use the monotonicity of T π (Lemma 3) to conclude that

T π(T πV ∗) ≤ T πV ∗,

which by (10) shows that

(T π)2V ∗ ≤ V ∗.

We repeat this argument for k times to get that

(T π)kV ∗ ≤ V ∗.
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

V ∗ is the same as V π∗
(Proof) (†)

Proof of supπ∈Π V π(x) ≤ V ∗(x) (Continued):

(T π)kV ∗ ≤ V ∗.

As k →∞, Proposition 14 shows that (T π)kV ∗ converges to V π (the
choice of V ∗ is irrelevant). Therefore,

V π = lim
k→∞

(T π)kV ∗ ≤ V ∗.

As this holds for any π ∈ Π, we take the supremum over π ∈ Π to get

sup
π∈Π

V π ≤ V ∗. (11)

Inequalities (9) and (11) together show the desired result.
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Consequences of Monotonicity and Contraction Fixed Point of T∗ is the Optimal Value Function

Consequences of Monotonicity and Contraction

Result Monotonicity Contraction

Uniqueness of Fixed Points ✗ ✓

Error Upper Bounds ✗ ✓

Fixed point of T ∗ is Optimal Value ✓ ✓

Stationary Policies are All You Need ✓ ✓

Table: The use of Monotonicity and Contraction Properties in the proof of various
results
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Sequence of the Bellman Operators

Sequence of the
Bellman Operators
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A New Notation: Pf

Definition

Given the transition probability kernel P and a function f ∈ B(X ), we
define Pf : X ×A → R as the function

(Pf)(x, a) ≜
∫
X
P(dy|x, a)f(y), ∀(x, a) ∈ X ×A.

Likewise, given the transition probability kernel induced by a policy π, we
define Pπf : X → R as (Pπf)(x) ≜

∫
X P

π(dy|x)f(y) for all x ∈ X .

Pπf is the function whose value at a state x is the expected value of
function f according to the distribution Pπ(·|x), that is,
(Pπf)(x) = EX′∼Pπ(·|x) [f(X

′)].
In our applications, f is usually a function with the semantic of the value
function, that is, V or Q.
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Following a Sequence of Policies

For a sequence of policies π1:m = (π1, . . . , πm), the transition probability
kernel of following them in the order of π1, then π2, etc., is denoted by
Pπ1:πm or Pπ1:m and is

Pπ1:m(A|x) ≜
∫
X
Pπ1(dy|x)Pπ2:m(A|y),

Pπ1:πm(B|x, a) ≜
∫
X
P(dy|x, a)Pπ2:πm(A|y),

for deterministic policies, and similar for stochastic policies.
This is the generalization of (Pπ)m when π1:m = (π, . . . , π).
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Suppose that we have two policies π1 and π2. What is the meaning of the
operator T π1T π2?
To understand what it does, consider a value function V , and see what the
effect of T π1T π2 on V is.
Denote T π2V by U . We have

(T π1T π2V )(x) = (T π1U)(x) = rπ1(x) + γ

∫
Pπ1(dz|x)U(z).

The function U at state z ∈ X is

U(z) = (T π2V )(z) = rπ2(z) + γ

∫
Pπ2(dy|z)V (y).
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Combining these two equations, we get

(T π1T π2V )(x) =

rπ1(x) + γ

∫
Pπ1(dz|x)

[
rπ2(z) + γ

∫
Pπ2(dy|z)V (y)

]
=

rπ1(x) + γ

∫
Pπ1(dz|x)rπ2(z) + γ2

∫
Pπ1(dz|x)Pπ2(dy|z)V (y) =

rπ1(x) + γ(Pπ1rπ2)(x) + γ2(Pπ1:π2V )(x).

Therefore, the function T π1T π2V is

T π1T π2V = rπ1 + γPπ1rπ2 + γ2Pπ1:π2V,

and the operator T π1T π2 : B(X )→ B(X ) is

T π1T π2 : V 7→ rπ1 + γPπ1rπ2 + γ2Pπ1:π2V.
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For a sequence of policies π1, . . . , πm, we have

T π1T π2 . . . T πmV =

rπ1 + γPπ1rπ2 + γ2Pπ1:π2rπ3 + · · ·+ γm−1Pπ1:πm−1rπm + γmPπ1:πmV

=

m∑
k=1

γk−1Pπ1:πk−1rπk + γmPπ1:πmV.

Interpretation: the function T π1T π2 . . . T πmV is the value function of
following the non-stationary policy π̄ = (π1, . . . , πm) in a finite horizon
MDP with the terminal reward of V .
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Summary

Bellman equations describe an important recursive properties of value
functions.

Bellman operators T π and T ∗.

Greedy policy and the optimal policy.

Monotonicity and contraction properties of the Bellman operators.

Bellman equations have unique solutions.

Bellman error ∥V − T ∗V ∥∞ provides an upper bound on value error
∥V − V ∗∥∞.

The solution of the Bellman optimality equation is the optimal value
function.

The interpretation of T π1T π2 . . . T πmV .
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