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Goal

We study some algorithms to solve the Planning problem: computing the
(optimal) value function for a given MDP.

Know the fundamental planning algorithms:
▶ Value Iteration (VI): Vk+1 ← TVk.
▶ Policy Iteration (PI): (1) Compute V πk ; (2) Compute πk+1 ← πg(V

πk)
▶ Linear Programming

Learn the intuition behind them

Learn the mathematics justifying them

We refer to these frequently in studying and analyzing RL/Planning
algorithms.
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Learning Objectives

You need to

Remember: Value Iteration, Policy Iteration, and LP-based algorithms

Understand: Why VI, PI, LP work

Apply: VI and PI to solve an MDP
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How to Compute the Optimal Policy π∗?

We have defined concepts and properties such as
▶ Value function for a policy π (V π) and optimal value function (V ∗)
▶ Relation between V ∗ (or Q∗) and π∗ through the greedy policy

Question: How can we find the optimal policy?

Assumption: MDP is known, that is, we know R and P.
The assumption of knowing the MDP does not hold in the RL setting.

But designing methods for finding the optimal policy with known
model provides the foundation for developing methods for the RL
setting.
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Different Approaches to Find π∗

Value-based: Compute Q∗ (or V ∗) and then π∗ ← πg(Q
∗).

Direct policy search: Search in the space of policies without explicitly
constructing the optimal value function.

Hybrid: Explicitly construct value function to guide the search in the
policy space.
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Policy Evaluation vs. Control Problems

Policy Evaluation (PE): Problem of computing the value function of a
given policy π, i.e., V π or Qπ.
▶ Not the ultimate goal of an RL agent (finding the optimal policy is),

but is often needed as an intermediate step in finding the optimal
policy.

Control: Problem of finding the optimal value function V ∗ or Q∗ or
optimal policy π∗.

Dynamic Programming (DP): Methods that benefit from the structure of
the MDP, such as the recursive structure encoded in the Bellman
equation, in order to compute the value function.
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Some Initial Attempts

Policy Evaluation

Problem Statement: Given an MDP (X ,A,P,R, γ) and a policy π, we
would like to compute V π or Qπ.

V π(x) = E

[ ∞∑
t=1

γt−1Rt|X1 = x

]
.
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Some Initial Attempts

Policy Evaluation: A Naive Approach

<latexit sha1_base64="TBP5StEiQq7W4pfk4vDBKxLTS0c=">AAACQ3icdVBLS8NAGNzUV62vVo9eFoviqSQi6EUo9uKxgn1AG8pms22X7iPsbsQS8iO86u/xR/gbvIlXwW2ag23pwAfDzDcwTBAxqo3rfjqFjc2t7Z3ibmlv/+DwqFw5bmsZK0xaWDKpugHShFFBWoYaRrqRIogHjHSCSWPmd56J0lSKJzONiM/RSNAhxchYqdMdePAOvgzKVbfmZoCrxMtJFeRoDirORT+UOOZEGMyQ1j3PjYyfIGUoZiQt9WNNIoQnaER6lgrEifaTrG8Kz60SwqFU9oSBmfo/kSCu9ZQH9pMjM9bL3kxc55kxTxc1NpKKWpniNcZSWzO89RMqotgQgedlhzGDRsLZgDCkimDDppYgbPMUQzxGCmFjZy71s2DSkJwjEerULust77hK2lc1z615j9fV+n2+cRGcgjNwCTxwA+rgATRBC2AwAa/gDbw7H86X8+38zF8LTp45AQtwfv8ADeixmw==</latexit>

<latexit sha1_base64="CogzIcTZewqTgSQy3voWyenP74k=">AAACP3icdVBLS8NAGNz4rPXV6tHLYlE8lUQEPRZ78VjRPqANZbPZtEv3EXY3Qgn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwQcyoNq776Wxsbm3v7Jb2yvsHh0fHlepJR8tEYdLGkknVC5AmjArSNtQw0osVQTxgpBtMmjO/+0KUplI8m2lMfI5GgkYUI2OlJzT0hpWaW3dzwFXiFaQGCrSGVedyEEqccCIMZkjrvufGxk+RMhQzkpUHiSYxwhM0In1LBeJE+2neNYMXVglhJJU9YWCu/k+kiGs95YH95MiM9bI3E9d5ZsyzRY2NpKJWpniNsdTWRHd+SkWcGCLwvGyUMGgknI0HQ6oINmxqCcI2TzHEY6QQNnbi8iAPpk3JORKhzuyy3vKOq6RzXffcuvd4U2vcFxuXwBk4B1fAA7egAR5AC7QBBiPwCt7Au/PhfDnfzs/8dcMpMqdgAc7vH8AnsIc=</latexit> <latexit sha1_base64="cPHITF0AG4F3z1WMiGKTFPZaNZw=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8eK9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc/9/guWigj+rGcx9hiMOAkJgtpIT3DcHFfrTsPJYa8TtyB1UKAzrllXo0CghGGuEYVKDV0n1l4KpSaI4qwyShSOIZrCCA8N5ZBh5aV518y+NEpgh0Ka49rO1f+JFDKlZsw3nwzqiVr15uImT09YtqzRSEhiZII2GCttdXjnpYTHicYcLcqGCbW1sOfj2QGRGGk6MwQikyfIRhMoIdJm4sooD6ZtwRjkgcrMsu7qjuuk12y4TsN9vKm37ouNy+AcXIBr4IJb0AIPoAO6AIEIvII38G59WF/Wt/WzeC1ZReYMLMH6/QPCALCI</latexit> <latexit sha1_base64="3amyQMmr3V4vF+s8sdmRjwQj8UA=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIV9FjsxWNF+4A2lM1mky7dR9jdCCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7wVLRQR/1tMYewxGnIQEQW2kJzi6HlXrTsPJYa8StyB1UKA9qlkXw0CghGGuEYVKDVwn1l4KpSaI4qwyTBSOIZrACA8M5ZBh5aV518w+N0pgh0Ka49rO1f+JFDKlpsw3nwzqsVr2ZuI6T49ZtqjRSEhiZILWGEttdXjnpYTHicYczcuGCbW1sGfj2QGRGGk6NQQikyfIRmMoIdJm4sowD6YtwRjkgcrMsu7yjquke9VwnYb7eFNv3hcbl8EpOAOXwAW3oAkeQBt0AAIReAVv4N36sL6sb+tn/lqyiswJWID1+wfD2bCJ</latexit>

<latexit sha1_base64="tGNrYHIrmwT+peaLZ+Is/4U/vdU=">AAACWXicdZBLSwMxFIUz46vWV2uXboJF0U2ZEUE3QrUblwpWC04pmUzaBvMYkjtiGbvw17jVnyP+GdN2FrbihcDhO/fAzYlTwS0EwZfnLy2vrK6V1ssbm1vbO5Xq7r3VmaGsTbXQphMTywRXrA0cBOukhhEZC/YQP7Um/sMzM5ZrdQejlHUlGSje55SAQ73K3mUvxJHlEkcpP4poouG149AFfjnuVepBI5gO/ivCQtRRMTe9qncYJZpmkimgglj7GAYpdHNigFPBxuUosywl9IkM2KOTikhmu/n0F2N84EiC+9q4pwBP6e9ETqS1Ixm7TUlgaBe9CfzPg6EczzMx0IY7zOk/xsK10D/v5lylGTBFZ8f2M4FB40mtOOGGURAjJwh1eU4xHRJDKLjyy9E0mLe0lEQlduyaDRd7/CvuTxph0AhvT+vNq6LjEtpD++gIhegMNdE1ukFtRNEbekcf6NP79j2/5Jdnq75XZGpobvzaD/UKtVY=</latexit>

<latexit sha1_base64="1CRDMKaFwDX96x+Y6Grp2bRVO/Y="></latexit>

<latexit sha1_base64="WLw4iUByK0tSy8eBHYg119FJcdE=">AAACVXicdZBLSwMxFIUzY33VR1tduHATLIpuykwRdFl141LBasEpQyaTtsE8huSOUMb5NW7194g/RjCtXdiKFwKH79wDNyfJBLcQBJ+ev1RZXlldW69ubG5t1+qNnXurc0NZl2qhTS8hlgmuWBc4CNbLDCMyEewhebqa+A/PzFiu1R2MM9aXZKj4gFMCDsX1vYu4jSPLJY4yfhzRVMNLL26fxPVm0Aqmg/+KcCaaaDY3ccM7ilJNc8kUUEGsfQyDDPoFMcCpYGU1yi3LCH0iQ/bopCKS2X4x/UGJDx1J8UAb9xTgKf2dKIi0diwTtykJjOyiN4H/eTCS5TwTQ224w5z+YyxcC4PzfsFVlgNT9OfYQS4waDypFKfcMApi7AShLs8ppiNiCAVXfDWaBosrLSVRqS1ds+Fij3/FfbsVBq3w9rTZuZx1vIb20QE6RiE6Qx10jW5QF1FUolf0ht69D+/Lr/grP6u+N8vsornxa9+i4bU6</latexit>

Idea: Expand the tree of all possible futures!
Example: the expected reward at time t = 2 is∑

a,x′,a′

π(a|x)P(x′|x, a)π(a′|x′)r(x′, a′).

Remark

This is inefficient. The size of the tree grows very fast.

The sample-based approximate version of this idea works.
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Some Initial Attempts

Policy Evaluation: Linear System of Equations

Q: Can we improve the efficiency?
Key Idea: Benefit from the recursive structure of the value function

V π = T πV π.

V (x) = rπ(x) + γ
∑
x′∈X

Pπ(x′|x)V (x′), ∀x ∈ X

In the discrete state-action case:

n = |X | equations
|X | unknowns (V (x1), . . . , V (xn))
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Some Initial Attempts

Policy Evaluation: Linear System of Equations

We have n equations in the form of:

V (x)− γ
∑
x′∈X

Pπ(x′|x)V (x′) = rπ(x),

More compactly in the matrix form:

(I− γPπ)V = rπ,

which is the same form of a generic linear system of equations:

An×nxn×1 = bn×1.

11 / 52



Some Initial Attempts

Policy Evaluation: Linear System of Equations

Solving An×nxn×1 = bn×1:

Compute A−1 and then calculate A−1b.

Better: Use various linear solvers.

Remark

To solve the control problem of finding V ∗, we need to solve V = T ∗V ,
i.e.,

V (x) = max
a∈A

{
r(x, a) + γ

∑
x′∈X

P(x′|x, a)V (x′)

}
.

This is not a linear system of equations anymore!
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Value Iteration

Value Iteration
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Value Iteration

Value Iteration (PE)

Starting from V0 ∈ B(X ), we compute a sequence of (Vk)k≥0 by

Vk+1 ← T πVk[= rπ + γPπVk].

By the contraction property of the Bellman operator:

lim
k→∞

∥Vk − V π∥∞ = 0.

Remark

Similar procedure to compute Qπ, i.e., Qk+1 ← T πQk.
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Value Iteration

Value Iteration (Control)

Vk+1 ← T ∗Vk,

Qk+1 ← T ∗Qk.

By the contraction property of the Bellman optimality operator, it is
guaranteed that Vk → V ∗ (or Qk → Q∗).
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Value Iteration

Value Iteration
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Value Iteration

Value Iteration
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Value Iteration

Value Iteration
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Value Iteration

Convergence of Value Iteration

We can quantify the converge rate of the VI algorithm

Theorem (Convergence of Value Iteration)

The VI algorithm generates a sequence of (Vk) that converges to V π (for
PE) or V ∗ with the rate of O(γk).
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Value Iteration

Convergence of Value Iteration (Proof)

We prove it for the Control problem. The proof for the PE problem is very
similar.
Since V ∗ = T ∗V ∗, we have

Vk − V ∗ = Vk − T ∗V ∗ = T ∗Vk−1 − T ∗V ∗.

We take the supremum norm from both sides, and use the contraction
property of the Bellman operator:

∥Vk − V ∗∥∞ = ∥T ∗Vk−1 − T ∗V ∗∥∞ ≤ γ ∥Vk−1 − V ∗∥∞ .

Therefore, we get that

∥Vk − V ∗∥∞ ≤ γ ∥Vk−1 − V ∗∥∞ ≤ γ2 ∥Vk−2 − V ∗∥∞ ≤ · · ·
≤ γk ∥V0 − V ∗∥∞ .
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Value Iteration

Value Iteration

The VI uses an existing approximation Vk of V ∗ (or V π) to get a
better approximation of V ∗ (or V π). This idea is called bootstrapping
in the in the RL literature.
▶ Note: This is different from the bootstrapping method in statistics.

VI is one of the fundamental algorithms for Planning.

The current formulation of VI is a special case of an operator/matrix
splitting-based formulation.

We also have approximate value iteration algorithms too, where the
new value function Vk+1 ≈ TVk.

Many RL algorithms are essentially the sample-based variants of VI
too.

21 / 52



Policy Iteration

Policy Iteration
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Policy Iteration

Policy Iteration

A different approach is based on the iterative application of the following
two steps:

(Policy Evaluation) Given a policy πk, compute V πk (or Qπk).
(Policy Improvement) Find a new policy πk+1 that is better than πk,
i.e., V πk+1 ≥ V πk (with a strict inequality in at least one state, unless
at convergence).

Policy 
Evaluation

Policy 
Improvement

Q⇡
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⇡0  argmax
a2A

Q⇡(·, a)
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Policy Iteration

Policy Iteration

Q: How to perform Policy Evaluation and Policy Improvement?

Policy Evaluation: This is clear. We can either solve a linear system
of equations or even perform VI (PE) to compute the value of a
policy πk.

Policy Improvement: Choose the greedy policy, i.e.,

πk+1(x)← πg(x;Q
πk) = argmax

a∈A
Qπk(x, a), ∀x ∈ X .

Remark

The Policy Iteration (PI) algorithm refers to the specific case that we pick
the new policy πk+1 as πg(Q

πk).
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Policy Iteration

Why Greedy Policy for Policy Improvement? (Intuition)

Assume that at state x, we act according to πg(x;Q
πk), and afterwards,

we follow πk.
The value of this new policy is

Qπk(x, πg(x;Q
πk)) = Qπk(x, argmax

a∈A
Qπk(x, a)) = max

a∈A
Qπk(x, a).

Comparing maxa∈AQπk(x, a) with V πk(x) = Qπk(x, πk(x)), we see

Qπk(x, πg(x;Q
πk)) = max

a∈A
Qπk(x, a) ≥ V πk(x).

So this new policy is equal to or better than πk at state x.
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Policy Iteration

Policy Iteration

Recall that:

V πk is the unique fixed point of T πk .

The greedy policy πk+1 = πg(Q
πk) satisfies T πk+1Qπk = T ∗Qπk .

We can summarize each iteration of the Policy Iteration algorithm:

(Policy Evaluation) Given πk, compute Qπk , i.e., find a Q that
satisfies Q = T πkQ.

(Policy Improvement) Obtain πk+1 as a policy that satisfies
T πk+1Qπk = T ∗Qπk .
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Policy Iteration

Policy Iteration

1: Initialize π0 arbitrarily
2: k ← 0
3: repeat
4: Qπk ← solution of Q = T πkQ ▷ Policy Evaluation: compute Qπk

5: πk+1 ← πg(Q
πk) ▷ Policy Improvement

6: k ← k + 1
7: until πk = πk−1
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Policy Iteration

Approximate Policy Iteration

We also have approximate policy iteration algorithms too, where policy
evaluation or improvement steps are performed approximately:

Q ≈ T πkQ

T πk+1Qπk ≈ T ∗Qπk

We discuss this later when we get to function approximation.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration

The Policy Iteration algorithm converges to the optimal policy.

For finite MDPs, the convergence happens in a finite number of
iterations.
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Policy Iteration Convergence of Policy Iteration

Policy Improvement Theorem

Theorem (Policy Improvement)

If for policies π and π′, it holds that T π′
Qπ = T ∗Qπ, we have that

Qπ′ ≥ Qπ.

In other words, the greedy policy is a proper policy improvement step.
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Policy Iteration Convergence of Policy Iteration

Policy Improvement Theorem (Proof)

We first show that T π′
Qπ ≥ Qπ. Notice that T π′

Qπ = T ∗Qπ, by the
assumption.
We have T ∗Qπ ≥ T πQπ = Qπ because for any (x, a) ∈ X ×A, it holds
that

r(x, a) + γ

∫
P(dx′|x, a)max

a′∈A
Qπ(x′, a′) ≥

r(x, a) + γ

∫
P(dx′|x, a)Qπ(x′, π(x′)).

Therefore, T π′
Qπ = T ∗Qπ ≥ T πQπ = Qπ.
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Policy Iteration Convergence of Policy Iteration

Policy Improvement Theorem (Proof)

The second step is to use T π′
Qπ ≥ Qπ to show that Qπ′ ≥ Qπ.

Apply T π′
to both sides of T π′

Qπ ≥ Qπ, and use the monotonicity
property of the Bellman operator to conclude

T π′
(T π′

Qπ) ≥ T π′
Qπ = T ∗Qπ ≥ Qπ.

So we also have (T π′
)2Qπ ≥ Qπ.

By repeating this argument, we get that for any m ≥ 1,

(T π′
)mQπ ≥ T ∗Qπ ≥ Qπ. (1)
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Policy Iteration Convergence of Policy Iteration

Policy Improvement Theorem (Proof)

(T π′
)mQπ ≥ T ∗Qπ ≥ Qπ.

Take the limit of m→∞.
Because of the contraction property of the Bellman operator T π′

:

lim
m→∞

(T π′
)mQπ = Qπ′

. (2)

By combining (1) and (2), we get that

Qπ′
= lim

m→∞
(T π′

)mQπ ≥ T ∗Qπ ≥ Qπ, (3)

33 / 52



Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration

The Policy Improvement theorem shows that if we are given πk, the
new policy πk+1 is at least as good as the previous one.

We can show that the PI algorithm converges to an optimal policy.
We shall prove this.

If |X × A| <∞, this happens in a finite number of iterations.

34 / 52



Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration

Theorem (Convergence of the Policy Iteration Algorithm)

Let (πk)k≥0 be the sequence generated by the PI algorithm.

For all k, we have that V πk+1 ≥ V πk , with equality if and only if
V πk = V ∗.

limk→∞ ∥V πk − V ∗∥∞ = 0.

If the set of policies is finite, the PI algorithm converges in a finite
number of iterations.

Remark

We follow the line of proof of Proposition 2.4.1 of Bertsekas 2018.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration (Proof)

The basic idea behind the proof is that either we can strictly improve the
policy, or if we cannot, we are already at the optimal policy.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration (Proof)

Proof of V πk+1 ≥ V πk :
By the Policy Improvement Theorem (Theorem 2), we have that
V πk+1 ≥ V πk .
Proof of V πk+1 = V πk ⇒ V πk = V ∗:
Suppose that instead of a strict inequality, we have an equality of

V πk+1 = V πk .

Apply T πk+1 to both side to get

T πk+1V πk+1 = T πk+1V πk .

As T πk+1V πk = T ∗V πk by the definition of the PI algorithm, we get that

T πk+1V πk+1 = T πk+1V πk = T ∗V πk = T ∗V πk+1 ,

where in the last step we used V πk+1 = V πk again.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration (Proof)

By these equalities, we have

T πk+1V πk+1 = T ∗V πk+1 .

As V πk+1 is the value function of πk+1, it satisfies the Bellman equation
T πk+1V πk+1 = V πk+1 . Therefore, we also have

V πk+1 = T ∗V πk+1 .

This means that V πk+1 is a fixed point of T ∗.
But the fixed point of T ∗ is unique and is equal to V ∗.
So we must have that

V πk+1 = V ∗.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration (Proof)

Proof of V πk = V ∗ ⇒ V πk+1 = V πk :
If V πk = V ∗, then πk is an optimal policy. The greedy policy of V πk = V ∗

is still an optimal policy, hence V πk+1 = V ∗ = V πk .
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration (Proof)

Proof of limk→∞ ∥V πk − V ∗∥∞ = 0.
To prove the convergence, recall from (3) that

Qπk+1 ≥ T ∗Qπk ≥ Qπk . (4)

By induction,

Qπk+1 ≥ T ∗Qπk ≥ T ∗(T ∗Qπk−1) ≥ · · · ≥ (T ∗)kQπ0 .

By the definition of the optimal policy, we have Qπ ≤ Q∗ for any π,
including all πk generated during the iterations of the PI algorithm.
So Qπk+1 is sandwiched between Q∗ and (T ∗)kQπ0 , i.e.,

Q∗ ≥ Qπk+1 ≥ (T ∗)kQπ0 .

This entails that ∥Qπk+1 −Q∗∥∞ ≤
∥∥(T ∗)kQπ0 −Q∗∥∥

∞.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration (Proof)

We show that the RHS of ∥Qπk+1 −Q∗∥∞ ≤
∥∥(T ∗)kQπ0 −Q∗∥∥

∞
converges to zero.
By the contraction property of the Bellman optimality operator, we have
that

lim
k→∞

∥∥∥(T ∗)kQπ0 −Q∗
∥∥∥
∞

= 0.

Therefore,
lim
k→∞

∥Qπk −Q∗∥∞ = 0.

This implies the convergence of V πk too.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration (Proof)

Proof of finite convergence:
If the number of policies is finite, the number of times (4) can be a strict
inequality is going to be finite too.
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Policy Iteration Convergence of Policy Iteration

Convergence of Policy Iteration: Some Remarks

The PI algorithm converges to the optimal policy in a finite number
of iterations whenever the number of policies is finite.

If the state space X and the action space A are finite, the number of
policies are finite and is |A||X |.

Even though finite, this can be very large.
▶ Example: A 10× 10 grid world problem with 4 actions at each state

has 4100 ≈ 1.6× 1060 possible policies.

In practice, PI converges much faster.

This suggest that the previous analysis might be crude.
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Policy Iteration Convergence of Policy Iteration

Fast Convergence of Policy Iteration

It can be shown that the PI algorithm converges in

O

( |X ||A|
1− γ

log

(
1

1− γ

))
iterations.
The proof is in the Foundations of Reinforcement Learning [Farahmand,
2025].
This is a significant quantitative improvement over the previous result.

Remark

This is a relatively recent result, which in various forms have been proven
by Ye [2011]; Hansen et al. [2013]; Scherrer [2016].
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Linear Programming

Linear Programming
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Linear Programming

Linear Programming for Finding V ∗

We can find V ∗ by solving a Linear Program (LP) too.
Consider the set of all V that satisfy V ≥ T ∗V , i.e.,

C = {V : V ≥ T ∗V } .

Interesting property: For any V ∈ C, we have

V ≥ T ∗V ⇒ T ∗V ≥ T ∗(T ∗V ) = (T ∗)2V.

Repeating this argument, we get that for any m ≥ 1,

V ≥ (T ∗)mV.
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Linear Programming

Linear Programming for Finding V ∗

From
V ≥ (T ∗)mV.

we get that
V ≥ lim

m→∞
(T ∗)mV = V ∗.

Interpretation:

Any V ∈ C is lower bounded by V ∗.

(OR) V ∗ is the function in C that is smaller or equal to any other
function in C (pointwise sense).
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Linear Programming

Linear Programming for Finding V ∗

Choose a strictly positive vector µ > 0 with the dimension of X .
Solve

min
V ∈C

µ⊤V,

Can be written as

minV µ⊤V,

s.t. V (x) ≥ (T ∗V )(x), ∀x ∈ X .

Linear objective; nonlinear constraints.
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Linear Programming

Linear Programming for Finding V ∗

Each nonlinear constraint:

V (x) ≥ max
a∈A

{
r(x, a) + γ

∑
y

P(y|x, a)V (y)

}

is equivalent to

V (x) ≥ r(x, a) + γ
∑
y

P(y|x, a)V (y), ∀a ∈ A.
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Linear Programming

Linear Programming for Finding V ∗

minV µ⊤V,

s.t. V (x) ≥ r(x, a) + γ
∑
y

P(y|x, a)V (y), ∀(x, a) ∈ X ×A.

This is a linear program with |X × A| constraints.
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Summary

Three methods for computing the optimal value function
▶ Value Iteration
▶ Policy Iteration
▶ Linear Programming

Established convergence of VI and PI

These methods have variants for the RL setting.
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